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Abstract. This paper studies stable sheaves on abelian surfaces of Picard number one. Our 
main tools are semi-homogeneous sheaves and Fourier-Mukai transforms. We introduce the 
notion of semi-homogeneous presentation and investigate the behavior of stable sheaves under 
Fourier-Mukai transforms. As a consequence, an affirmative proof is given to the conjecture 
proposed by Mukai in the 1980s. This paper also includes an explicit description of the birational 
correspondence between the moduli spaces of stable sheaves and the Hilbert schemes. 
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1. Introduction 

This paper analyzes stable sheaves on abelian surfaces using two notions. The first is the 
semi-homogeneous sheaves and the second is the Fourier-Mukai transforms. Both of them were 
introduced by Mukai [MT| |M4]. 

Semi-homogeneous sheaves are well-behaved coherent sheaves on abelian surfaces. They are 
semi-stable for any ample divisor, and their cohomological properties and classifications were 
fully investigated in [Ml]. Semi-homogeneous sheaves may be regarded as building blocks of 
more complicated stable sheaves. 

We consider presenting stable sheaves as kernel or cokernel of morphisms between semi- 
homogeneous sheaves. These presentations will be called semi-homogeneous presentations. 

Definition (Definition 13. ip . For E £ Coh(X), a semi-homogeneous presentation is an exact 
sequence 

0^E^E 1 ^E 2 ^-0 or 0^E 1 ^E 2 ^E^0 
with the condition v(Ei) = £±Vi, v{E2) = I2V2 and 
*i,*2€Z> , (4-l)(£ 2 -l) = 0, 

(vijVz) = — 1, vx,v 2 : positive, primitive and isotropic Mukai vectors. 

The uniqueness of the presentation and the conditions for its existence will be clarified in §[3] 
under the condition that the Picard number of the surface is one. In the main Theorem 13.61 we 
show that a numerical condition on Chern characteristics (or Mukai vectors) of stable sheaves 
totally controls the existence of the semi-homogeneous presentations. The condition is described 
by an indefinite equation, called numerical equation (see Definition 13. ip . This equation plays an 
important role in this paper. 

The proof of Theorem 13.61 requires moduli space 9Jl + (t>i, 1)2, £1, £2) of simple two-term com- 
plexes associated to the solution (vi,v 2 ,£i,£ 2 ) of the numerical equation. We construct these 
spaces in §01 These spaces are essentially the Hilbert schemes of points over the abelian surfaces 
and enable us to treat the family of two-term complexes including the desired semi-homogeneous 
presentations. 

As an application of the semi-homogeneous presentation, we prove the Conjecture 15.11 origi- 
nally proposed by Mukai [M3] : 

Conjecture (Coniecture l5,ip . Let X be an abelian surface with NS(X) = 7LH and v be a Mukai 
vector with £ := (v 2 ) /2 > 0. Suppose that v has at least one solution of the numerical equation 

(1221). 

(1) Among the numerical solutions for v, take the solution (v\, V2, £1, £2) such that rk(i>j) 
is minimum, where the index i £ {1,2} is determined by £i = £. Then for a general 

member [E^ 1 — * E°~\ of 9Jl + (v 1, V2, £1, £2), f is either surjective or injective. 

(2) In the situation of (1), the kernel or cokernel of / is stable. 

(3) A general member of (v) has a semi-homogeneous presentation corresponding to 
the numerical solution (vx,v 2 ,£i,£ 2 ) of v such that rk(^j) is minimum, where the index 
i £ {1, 2} is determined by £$ = £. 

Theorem (Theorem 15. 2p . The above conjecture is true. 
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We also obtained some explicit conditions when sheaves are transformed into sheaves under 
Fourier-Mukai transforms. These will be explained in §[5j 

In order to see how semi-homogeneous presentations behave under a Fourier-Mukai transform, 
we need to calculate Mukai vectors explicitly. One can describe Mukai vectors economically using 
quadratic matrices, which will be explained in §(6j These matrices turn out to form an arithmetic 
group G, introduced in Definition 16.91 During the study of this matrix description, we are led 
to the study of cohomological representation of the equivalences among the derived categories 
of coherent sheaves on abelian surfaces. The result is shown in Theorem 16.161 

In the subsequent §[74 we extensively use the semi-homogeneous presentation and the matrix 
description to analyze the behavior of stable sheaves under Fourier-Mukai transforms. The 
resulting image is in general a complex, and the analysis is too complicated. We circumvent this 
difficulty by constructing a sequence of tame complexes, for which one can completely describe 
the cohomology sheaves and the behavior under Fourier-Mukai transforms. As a consequence 
we obtained Theorems 17.211 and I7.3H which give the numerical condition under which a stable 
sheaf is transformed into a sheaf by Fourier-Mukai transforms. 

In §[H1 we present an explicit construction of the birational correspondence between the moduli 
spaces of stable sheaves and the Hilbert schemes. The main result is shown in Proposition 18.21 
The birational correspondence requires the existence of a solution of the numerical solution and 
the resulting birational map is realized by a Fourier-Mukai transform. In the final §§ 18.31 we 
treat the case of the principally polarized abelian surfaces. In this case the arithmetic group 
G introduced in §0 reduces to SL(2, Z), and the condition above reduces to the existence of 
solutions of integral quadratic forms. Thus using the classical theory of quadratic forms we can 
obtain a clear description of the birational maps between moduli and the Hilbert schemes, as 
shown in 



Theorem (Theorem ETUI). Let X be a principally polarized abelian surface with NS(X) = 'LH. 
Let v = (r, dH, a) be a Mukai vector satisfying the following condition. 

£ := (v 2 )/2 G Z>o is not a square number, and 

the class number of quadratic forms with discriminant £ is 1. 

Then the birational morphism M x (v) • X X Hilt/X is given by the following description. 

(1) Take a Mukai vector v\ = {p\,p\q\H,q\) which is of minimum rank among those satis- 
fying 2p\q\d — p\a — q\r = e, where e = 1 or —1. Then 

qi e(dqi - api) 
-pi e(dpi - rqi) 



7 :=± 



G PSL(2, 



diagonalizes the matrix Q z 



r d 
d a 



, that is, t 'yQ v j 



1 

-i 



(2) Set V2-=(p2,P2Q2H,q2), where qi = —e{dq\ — ap\) andj»2 = €-{dp\—rq{). Then a general 
member of M x (v) has a semi- homogeneous presentation. Moreover the FMT <f>:=$> x _^ x 
such that 6($>) = 7 or the composition T>x 3? gives the birational correspondence 
M x( v ) ► X x HhV(X) up to shift. 

Acknowledgements. In the final stage for preparing this article, the second named author 
stayed at Max Planck Institut fur Mathematik. He would like to thank the institution for the 
hospitality and support very much. 

Notation. All schemes are of finite type over C. For coherent sheaves E and F on a scheme 
X, we abbreviate Rom 0x (E,F) and Ext^, x (E,F) to Hom(£,F) and Exf^F). 

The abelian category of coherent sheaves on a projective variety X is denoted by Coh(X), 
and the bounded derived category of Coh(A) is denoted by D(A). An object of D(X), namely a 
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complex of coherent sheaves on X, will be denoted like E* . We also use the symbol [E" 1 E°] 
for a two-term complex. In this notation, the (— l)-th and the zeroth component of the complex 
are E~ l and E°, and the other components are the zero sheaf. For an object E* G D(X), H l (E*) 
means the i-th cohomology sheaf of E*. We denote Hom D (jjq (E*, F') and Ext^,^(-E'*, F') by 

Hom^*, F*) and Ext l (-E*, F*) if confusion does not arise. We also denote the opposite category 
of D(X) by D(X) op and the dualizing functor by 

V x : DpQ -» D(X) op , a; ^ x v := RWom^, O x )- 

Two smooth projective varieties X and Y are said to be Fourier-Mukai partners if there 
is an equivalence D(X) ~ T)(Y). The set of isomorphism classes of Fourier-Mukai partners 
of X is denoted by FM(X). The set of equivalences between D(X) and D(Y) is denoted by 
Eq(D(X),D(Y)). 

For an abelian variety X, its dual variety Pic°(X) is denoted as X. The Poincare line bundle 
of X is denoted by Px and we sometimes abbreviate it to P if confusion does not occur. 

Assume that an ample divisor H is fixed on a projective variety X. For E G Coh(X), we 
define its slope by n{E) := (c\(E),H)/ rk(_E7) if rk(E) > . Here (•, •) is the intersection form 
on H 2 (X,Q). If rk(E) = 0, then we define fi(E) := +oo. 

In this paper we use the word 'stability' in the sense of Simpson (for detail, see [HLJ). M^(v) ss 
denotes the coarse moduli scheme which parametrizes 5"-equivalent classes of semi-stable shaves 
E on X having v as their Mukai vectors (see §§ 12. II for the definition). We denote by (v) the 
open subscheme consisting of stable sheaves. 

2. Preliminaries 

2.1. Mukai lattice and Mukai vector. First we introduce the Mukai lattice [M6j for an 
abelian surface X. Consider the lattice (H ev (X, Z), (•, •)) consisting of the even part of the 
cohomology group 

2 

H ev (X,Z) :=Q)H 2i (X,Z), 

i=0 

and the Mukai pairing (•, •) defined as 

(x,y)-= (a?i U yi - x U y 2 - x 2 Uy ), 
Jx 

x = (x ,x 1 ,x 2 ),y = (2/0,2/1,2/2), Xi,yi G H 2l (X,Z). 

This paring is symmetric and bilinear. We also have (H ev (X, Z), (•, •)) = where U is the 
hyperbolic lattice and _L is the orthogonal direct sum. In particular, (H ev (X, Z), (-, •)) is a 
non-degenerate even lattice. 

For an object E* G D(X), the Mukai vector of E* is defined as its Chern character. 

v{E') :=ch(£«) = (rk(E'), Cl (E>), X (E')) G H CV (X,Z). 

By the Grothendieck-Riemann-Roch formula we have 

{v(E-),v(F')) = -x(E-,F-) 

for E',F* G D(X). For a class e G if(-X^) of the Grothendieck group of X, we similarly define 
v{e) :=ch(e) = (rk(e),ci(e),x(e)). 

We call an element v G H cv (X,Ij) a Mukai vector if there exists an object E* G D(X) 
such that f = v(E'). The set of Mukai vectors is nothing but the submodule H ev (X, Z) a i g of 
H CV (X,Z) defined by 

tf ev (X, Z) a ig := ,H" (X, Z) © NS(X) © ,H" 4 (X, Z). 
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Here NS(X) denotes the Neron-Severi group of X. (H ev (X, Z) a i g , (•, •)) is called the Mukai lattice 
of X. 

We list several definitions concerning Mukai vectors. 

Definition 2.1. Let v = (r, £, a) be a Mukai vector, v is called isotropic if (v 2 ) := (v, v) = 0. v is 
called positive and denoted by v > if r > 0, or if r = and £ is effective, or if r = and £ = 
and a > 0. f is called primitive if H ev (X, Z)/(Zu) is torsion free. For a non-zero Mukai vector 
its multiplicity t is defined to be the non-negative integer defined by the relation v = Iw, 
where w is a primitive Mukai vector. We also define rk(t>) := r, c\(v) := £ and x( v ) := a - When 
an ample divisor H is fixed, we define fj>(v) := (£,H)/r if r > and fj>(v) := +oo if r = 0. At 
last, we define v y := (r, — £, a). 

In this article we sometimes denote a Mukai vector v = (r, £, a) as v = r + £ + apx additively. 
Here px is the element of H 4 (X, Z) satisfying f x px = 1- Also we will use the exponential 
form of the Chern characteristics. For example, for d G Z and an ample divisor , e means 
(l,dH,d 2 (H 2 )/2). 

2.2. Moduli spaces of stable sheaves. We mention only a few properties of the moduli of 
stable sheaves, although there are considerable amount of study. 

Definition 2.2. Let v be a Mukai vector. An ample divisor H is general with respect to v, if 
the following condition holds. For any /x-semi-stable sheaf E with v{E) = v, if F C E satisfies 
(ci(F),#)/rk(F) = ( Cl (E),H)/vk(E), then ci(F)/rk( J F) = ci(£)/rk(£). 

Fact 2.3. Let v = (r, £, a) be a Mukai vector of r > and (v 2 ) > 0, and H be an ample divisor 
which is general with respect to v. Then M^(v) is smooth, projective and irreducible. 

Proof. Smoothness and projectivity are proved in [M5J. Irreducibility is proved in |Y2l Theorem 
3.18]. □ 

2.3. Fourier-Mukai transforms on abelian surfaces. The next ingredient is the Fourier- 
Mukai transform initiated by Mukai in |M4j . In this subsection we summarize its main properties, 
focusing on the case of abelian surfaces. For a general treatment of this functor we recommend 
the reader to see |Hu . 



Definition 2.4. Let X and Y be smooth projective varieties. For an object E* G D(X x Y), 
the integral functor <3?^|^y is defined as 

*f_ y : D(A) - DCO 

L 

x ^ Rpy*(E' <S> Px( x )), 
where px '■ X x Y — > X and py : X x Y — > Y are the natural projections. We call E* its 
kernel. If ^j^y is an exact equivalence, it is called a Fourier-Mukai transform. In this paper 
we abbreviate it to FMT. 

In order to describe FMT in detail, it is convenient to introduce the next terminology. 

Definition 2.5. Let X and Y be smooth projective varieties, £ be a coherent sheaf over X 
and <£: D(A) — > D(Y) be an equivalence. We say that .E satisfies t/ie weak index theorem with 
respect to and that i£s index is equal to i if H 3 (&{E)) = for every j ^ i. If this condition 
holds, then we also say that WIT, holds for E with respect to $. 

We will extensively utilize the following classification of FMTs on abelian surfaces due to 
Orlov |Orj . For the proof, see |Y41 Theorem 1.4]. 

Fact 2.6. (1) Let X be an abelian surface and Y be a smooth projective variety. If $ x '-^y 

E* v [21 

is a FMT, then Y is an abelian surface and the inverse functor is given by $y—>x - 
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(2) Let X be an abelian surface and v = (r, £, a) be a primitive isotropic Mukai vector. 
Suppose that there exists a universal family E on M^(v) x X. Then ^x-*M H (v) * s a 
FMT. 

(3) Let X and Y be abelian surfaces. Suppose that there exists an equivalence <&: D(X) — * 
D(Y). Then there exists a primitive isotropic Mukai vector v such that Y = M^(v). 
Moreover there exists a universal family E on Y x X and an integer k G Z such that 

Let $ = ^x^y b e a FMT between abelian surfaces X and y. This functor induces an isomor- 
phism <& K : K(X) — > K{Y) on the Grothendieck groups and an isomorphism § H : H ev (X, Q) —> 
H ev (Y,Q) on the cohomology groups. Moreover, by the Grothendieck-Riemann-Roch formula, 
the following diagram is commutative. (For the proof, see |Hu[ §§ 5.2].) 

(2.1) B(X) - ^D(Y) 

O 

K(X) ^^K(Y) 

O 

H ev (X, Q) — ->■ H CV (Y, <Q>) 

Here the symbol [ ] means taking the class of the object and v means taking the Mukai vector. 

Moreover, one can prove that $ H (x) e i7 cv (Y,Z) for x E H CV (X,Z) and that $ H induces 
isometries (H ev (X, Z), (•, •)) - (i7 ev (Y, Z), (-,•)) and (H ev (X, Z) alg , (-,-)) - (H CV (Y, Z) alg , (-, •)). 
(For the proof, see [Y14 Lemma 2.2].) <I>^ will be called the cohomological FMT induced by <F 
We often suppress the symbol H of the cohomological FMT and simply denote it by <£, using 
the same notation of the original FMT. 

Lemma 2.7. Let X be an abelian surface with NS(X) = Z77, (H 2 ) = 2n and let us take 
Y G FM(X). Then NS(Y) is of rank one. Moreover if we put NS(Y) = ZH, where H is the 
ample generator of NS(y), then we have (H 2 ) = 2n. 

Proof. A FMT D(X) ^ D(y) induces an isometry i7 ev (X,Z) a i g ^ 7T CV (Y, Z) alg . Since in our 
case # cv (A,Z) alg NSpQ J_ [/ and # ev (Y,Z) alg NS(y) J_ 17, where 17 is the hyperbolic 
lattice, we find that p(X) + 2 = vk(H cv (X, Z) alg ) = rk(i7 cv (Y, Z) alg ) = p(Y) + 2 and (# 2 ) = 
- det H CV (X, Z)aig = - det 7T ev (Y, Z) a i g = (H 2 ). Therefore the conclusion holds. □ 

Finally, the Serre duality yields the following lemma. 

Lemma 2.8. For a FMT ^x'-^y • D(X) — > D(y) between abelian surfaces X and Y, we have 

2.4. Semi-homogeneous sheaves. Here we recall the notion of semi-homogeneous sheaves 
over abelian surfaces, which was introduced by Mukai |Mlj . Fix an abelian surface X. 

Definition 2.9. For any coherent sheaf E on X, the subset 

S(X) :={(x,x) G X x X I r;(77) ®P £ £} 

is an abelian subvariety of X x X with dimS'(X) < 2 (see [Ml, Proposition 3.3]). If dimS'(X) = 
2, then 7? is called semi-homogeneous. 

Semi-homogeneous sheaves are classified as below. For the proof, see |M1| and |Y4} §4]. 
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Fact 2.10. Let H be an ample divisor on X and v = (r,£, a) be a positive isotropic Mukai 
vector. 

(1) Let E be a coherent sheaf with v(E) = v. Fix an ample divisor H on X. 

(a) E is simple <^=^ E is stable -4=>- v is primitive. The stability of E is independent 
of H. 

(b) If v is primitive and E is semi-stable with respect to H and v(E) = nv, then E is 
5-equivalent to 0™ =1 E u E { G M§(v). The semi-stability of F is independent of 
il. 

(c) Every semi-stable sheaf with isotropic Mukai vector is semi- homogeneous. 

(2) Stable semi-homogeneous sheaves are classified as follows. 

(a) Semi-homogeneous vector bundle. 

For any 5 G NS(X) 0z Q> there is a simple semi-homogeneous vector bundle E 
satisfying c\ (E) / ik(E) = 5. 

If E and E' are simple semi- homogeneous vector bundles with ci(F)/rk(F) = 
ci{E')/i\l{E'), then E = E' ® M for some M G Pic°(X). 

For any semi-homogeneous vector bundle F, there exist an isogeny tt: X' — > X of 
abelian surfaces and a line bundle F on X' such that 7r* (L) = F. 

(b) Torsion semi-homogeneous sheaves. 

Supp(i^) is an elliptic curve C and E is a locally free semi-stable sheaf over C, 
or Supp(£') is one point and E is a skyscraper sheaf. 

Remark 2.11. Notice that if NS(X) = ZiJ then the first case in (2) (b) does not occur. Therefore 
non-locally-free semi-homogeneous sheaves are nothing but coherent sheaves with finite support. 

The cohomology groups of semi-homogeneous sheaves were also investigated by Mukai |Mlj . 
The results are as follows. For the proof, see Mukai's paper or |Y4| Proposition 4.4]. 

Fact 2.12. Let E and F be semi-homogeneous sheaves. 

(1) Suppose that nk{E) > and rk(F) > 0. 

(a) If {v(E),v(F)) > 0, then Hom(£,F) = Ext 2 (E,F) = 0. 

(b) If (v(E),v(F)) < 0, then fi(E) ^ /x(F), Ext^F) = 0, and 

Hom(£', F) = if fi(E) > (J,(F), 
Ext 2 (E,F) =0 if ii(E) < n{F), 

(2) Suppose that rk(F') > and F is a torsion sheaf. 

(a) If (v(E),v(F)) > 0, then Hom(£,F) = Ext 2 (F,F) = 0. 

(b) If (v(E),v(F)) < 0, then Ext 1 (F, F) = Ext 2 (F,F) = 0. 

(3) Suppose E and F are torsion sheaves. Then we have (v(E),v(F)) > 0. If (v(E),v(F)) > 
0, then Hom(F, F) = Ext 2 (F,F) = 0. 

Lemma 2.13. Let E and F are semi-homogeneous sheaves on X. Assume that NS(X) = "LH. 
Then (v(E),v(F)) < 0. If the equality holds, then Qv(E) = Qv(F). 

Proof. If rk(F) > and rk(F) > 0, then one can put 
(2.2) 

v(E) =rie (*/n)H = ( ri ,d 1 H,d 2 1 (H 2 )/(2r 1 )), v(F) = r 2 e&M H = {r 2 ,d 2 H,d 2 (H 2 )/(2r 2 )), 

with ri,r% G Z>o and d\,d 2 G Z. The Mukai paring becomes (v(E),v(F)) = —{r\d 2 — 
r 2d\) 2 {H 2 ) / (2r\r 2 ) < 0, which yields the first statement. The equality holds if and only if 
d\jr\ = d 2 /r 2 . This is equivalent to Qv(E) = <Qv(F) by (|2.2p . Thus we have the second 
statement. 
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Assume that rk(E) = 0. By Remark 12.111 one can put v(E) = (0,0, a) with a G Z>o- Then 
{v(E),v(F)) = — aik(F) < 0. The equality holds if and only if vk(F) = if and only if 
v(F) = (0,0,6) for some b G Z>o- Therefore we have the conclusion. 

The case rk(F) = is the same as the case ik(E) =0. □ 

Proposition 2.14. Assume that NS(A) = ZH. Let v be a positive, primitive and isotropic 
Mukai vector and let Y :=M^(v) be the moduli space. Suppose that there exists a Mukai vector 
w such that {v, w) = — 1. Then, there exists a universal family E on Y x X by [M6, Proposition 
A. 6]. Now set := ^x^y an d M := ^( v )- Under these assumptions, the next statements hold. 

(1) For any semi-homogeneous sheaf E on X, WITj holds w.r.t. $ and the index i is 

fo fi(E) >f x, 
[2 n(E)<fi. 

Moreover the image & % (E) is a semi- homogeneous sheaf. 

(2) For a semi-homogeneous sheaf E with v(E) = v, we have &(E) = C y [—2]. Here y G Y 
is a closed point corresponding to E. 

(3) Suppose that the Mukai vector w in the assumption is isotropic. Then for a semi- 
homogeneous sheaf F with v(F) = w, we have <&(F) = L[—i], where L is a line bundle 
on Y and the index i is or 2 according to fJ,(F) > \i or fJ,(F) < fJ,. 

(4) Under the additional condition (w 2 ) = 0, let E and F be coherent sheaves with v(E) = v 
and v(F) = w as in (2) and (3). Assume further that F is stable. Then there is a 
coherent sheaf F G Coh(X x Y) such that $' := $x^ y satisfies <£>'(£) = C y [-2] and 

= O y [-i\. 

Proof. (1) Since = RHom py (E,p* x (E)), we have H\$(E)) = Ext^(E,^ {E)). Then 

from the base change theorem for the relative extension and the cohomological result in Fact l2.12l 
WIT holds for E and the index coincides with the one given in the statement. Thus the first 
statement is verified. 

Next, we recall that induces an isometry of the Mukai lattices. Hence (v(Q l (E)) 2 ) = (v 2 ) = 
0. If E is simple, then from this equality and Fact 12.101 (1) (a) we find that ^(E) is a stable 
semi- homogeneous sheaf. For a proper semi-stable semi- homogeneous sheaf E, & l (E) is a also 
semi-homogeneous sheaf, since it is an extension of the stable semi-homogeneous sheaves with 
the same Mukai vectors. 

(2) It is an immediate consequence of (1). 

(3) From the second statement of (1), we know that & l (F) is a semi-homogeneous sheaf. Its 
rank is calculated as follows. 

rk(^(F)) = x (&(F),Cy) = x{F^ 2 -\C y )) = X (F,E\ {y}xX ) = -(w,v) = 1. 

Here we used the notation \E' := &y—>x an< ^ t ne f ac t that \&[2] is the inverse of Thus & l (F) 
is a semi-homogeneous sheaf of rank 1, that is, a line bundle. 

(4) We use the same notation as in the proof of (3). If L = Oy, then it is enough to set 
F := E. Otherwise, by setting F := E ®ev xX PyL, we have the desired conclusion. □ 

The next propositions are essential for our analysis. In fact several results of this paper, 
including Theorems 13.61 [5^21 and 18401 depend on these results. 

Fact 2.15 (|Y4l Theorem 3.1]). Let $ := $>f^ x : D(Y) -> D(X) be a FMT. We denote by 
\& this functor $ or the composition T>x ° Let w be a primitive Mukai vector on Y with 
(w 2 ) > 0. Let H' be a general ample divisor on Y with respect to w. Set v := ±^(w). Let H 
be a general ample divisor on X with respect to v. 
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If i$?(E) is not a sheaf up to shift for all E £ My (w), then there is an integer k such that for 
a general E £ My (w), ^f(E) fits in an exact triangle 

in D(X) or D(X) op . Here Aq and A\ are semi-homogeneous sheaves with 

v(Ai) = fai, (vg) = <u?) = 0, (4 - l)(€i - 1) = 0. 

Remark 2.16. In |Y4l Theorem 3.1] only the statement for $ is proved, but the proof works in 
this general situation. 

Fact 2.17 ([YU Lemma 3.2]). Keep notations in FactEEJ 

(1) If W(E ) £ Coh(X) for an element E £ My 1 ' (w), then ty(E) is stable with respect to H 
for a general E £ My (w). 

(2) If V :=V(E) is not a sheaf for all E £ M^'(w), then there is an equivalence J- : D(X) —* 
D(X) or D(X) — ► D(X) op such that JF(d) = v and for a general E £ My 1 ' (w) one of 
the following three conditions holds. 

(a) rk(H°(F(V))) + rk(H 1 (F(V))) < vk(H°(V)) + rk^H 1 ^ )), or 

(b) degi? 1 ^^*)) < degi? 1 ^*) if rk(F 1 (y )) = 0, or 

(c) ^{Tiy')) = is of 0-dimensional. 

3. SEMI-HOMOGENEOUS PRESENTATION OF SHEAVES 

We introduce the notion of semi-homogeneous presentations and discuss their properties. We 
show the uniqueness of this presentation in Proposition 13.31 and state the numerical criteria for 
the existence in Theorem 13.61 Its proof requires certain moduli of simple complexes, so we defer 
it to the next §01 

In this section, X always means an abelian surface. 

3.1. Definitions and basic properties. 

Definition 3.1. For E £ Coh(X), a semi-homogeneous presentation is an exact sequence 

0^E^E 1 ^E 2 ^-0 or 0^E 1 ->E 2 ->E^-0 
with the condition v{E\) = l\V\, v(E 2 ) = £ 2 V2 and 
*l,*2€Z> , (4-l)(£ 2 -l) =0, 

(vijVz) = —1, vi,V2- positive, primitive and isotropic Mukai vectors. 

The former sequence is called a kernel presentation, and the latter is called a cokernel presenta- 
tion. 

For a Mukai vector v, the equation 

V = ±(£ 2 V 2 - hvi), 

*i,4a€Z >0 , (4-l)(4-l) = 0, 

v\,V2- positive, primitive and isotropic Mukai vectors with 

(vi,v 2 ) = -l, fi(vi) < n(v 2 ) 

is called the numerical equation. A solution (v\, v 2 ,£i,£ 2 ) of this equation (j3.2l) is called numer- 
ical solution of v. 

Existence of semi-homogeneous presentation is not obvious a priori. We will show in Theorem 
13.61 that numerical conditions on sheaves control the existence. The next proposition shows that 
a semi-homogeneous presentation for a stable sheaf E guarantees the existence of a good FMT 
under which E is transformed into the ideal sheaf of 0-dimensional subscheme. 
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Proposition 3.2. Assume NS(X) = ZH. Let I S Z>o and E be a stable sheaf on X with 
(v(E) 2 ) = 21 and write the four possible semi-homogeneous presentations for E as 



(1) 


- 


- E 1 - 


-* E2 


-> E - 


-> 


(2) 


- 


- E 2 - 


-> E X - 


^ E - 


-» 


(3) 


- 


-> E - 


-* E2 


- Eh - 


-> 


(4) 


- 


-> E - 


- Eh - 


-* E2 


-> 



Here £1 is a simple semi-homogeneous sheaf with v(E\) = x>\ and £2 is a semi-homogeneous 
sheaf with v (E2) = £v2, where v\ and V2 are primitive Mukai vectors. 

Let E be a universal family of semi-homogeneous sheaves with Mukai vector V2 and set 
Y := M% (u 2 ), $1 := $l_ y , $2 := *x^y Finally let P x : D(X) -► D(X) op be the dualizing 
functor and <3?i := $1 o T>x be the composition. 

Consider the conditions 

(#1») WIT; holds for £ w.r.t. $1 and $[(E) ^L®l z , 

(#2i) WITi holds for £? w.r.t. $ 2 and ^L®l z , 

where Z is a 0-dimensional subscheme of length £, is its ideal sheaf and L is a line bundle on 
y. Then the existence of each presentation is equivalent to the following condition. 

(1) <=> (#21), (2) <=> (#12), (3) <=> (#11), (4) (#22). 

Moreover, the condition that a stable sheaf on X has a semi-homogeneous presentation is an 
open condition. 

Proof. This is the consequence of Lemma 14.51 which will be given in §UJ □ 

Proposition 3.3. Suppose NS(X) = ZH. Let E be a coherent sheaf on X with (v(E) 2 } > 0. 
Then a kernel (or cokernel) presentation of E is unique, if it exists. 

More generally, we have the next statements. 

Lemma 3.4. Suppose NS(X) = ZH. Let E be a coherent sheaf on X with (v(E) 2 ) > 0. 
(1) Suppose that we are given two exact sequences containing E. 

(3.3) > E E x E 2 







E ■ 



En 



Ea 



0. 



Here E^s are semi- homogeneous sheaves and neither (f) nor ip is trivial. 

Then E% = E3, E 2 — E4 and the diagram extends to the next commuting diagram. 




(2) Suppose that we are given two exact sequences containing E. 

*~ E x — E 2 E >■ 



>■ £3 — ■*■ E 4 ^ E »- 0, 
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where Ei are semi-homogeneous sheaves and neither <f> nor ip is trivial. Then we have 
Ei = E% and E 2 = E4. We also have the next commuting diagram. 







Ei 

1 

E3 



E2 

1 

E A 



E 



E 







Proof. This is the corollary of the next Lemma 13.5 



□ 



Lemma 3.5. Assume NS(X) = 7LH. Let E* be a bounded complex on X such that (v(E') 2 ) > 
0. Assume that E' has two expressions 

(3.4) E'^[Ei^E 2 ]^[F 1 iF 2 ], 

where Ei , E 2 , Fi , F 2 are semi- homogeneous sheaves and (/>,ip are non-trivial. Then there are 
isomorphisms fi : E{ = F{ which induce the following commutative diagram in D(X). 



(3.5) 



Ei 



Fi 



E 2 



F 2 



E m 



E m 



Ei[l] 



Proof. The proof is divided into several steps. 

Step 1. fi(Ei) < fi(E 2 ), fi(Fi) < n(F 2 ) and Ext 1 (F 2 ,£?i) = Ext 1 ^,^' 
Note that 



0. 



(3.6) v{E*) = v{E 2 ) - v(Ei) = v(F 2 ) - v(Fi). 

Then we see that < (v{E') 2 } = -2(v(E 1 ),v(E 2 )) = -2(v(Fi),v(F 2 )) . Thus (v{Ei),v(E 2 )) = 
(v(Fi),v(F 2 )) < 0. We also find from that 

(v(Ei),v(F 2 )) = (v(Ei),v(E 2 ) + v(Fi) - v{E\)) = (v(Ei),v(E 2 )) + (v(Ei), v(Fi)). 

From Lemma P2.13l and the inequality (v(Ei), v(E 2 )) < 0, we find that (v(Ei), v(F 2 )) < 0. In the 
same way, we have (v(Fi),v{E 2 )} < 0. Then Fact ETJshows that Ext 1 (F 2 , E x ) = Ext 1 ^,^) = 
0. 

Lemma 12.131 and {v(Ei),v(E 2 )) < also implies Qv(Ei) 7^ Q)v(E 2 ). Then since <f> 7^ 0, we 
have n(Ei) < fJ,(E 2 ). Similarly we have (J,(Fi) < n(F 2 ). 

Step 2. There exist morphisms f 2 : E 2 — > F 2 and g 2 : F 2 — > E 2 which make the next diagram 
commutative. 



(3.7) 



Ei 



Fi 



E 2 



E* 



h 



!I2 



F 2 



E* 



Ei[l] 
Fill}. 



By assumption we have the next exact sequence. 

Hom(£ 2 ,-F2) -» YiomiE 2 ,E*) -> Ext 1 (E 2 , F x ). 

By Step 1 the last term vanishes. Therefore any morphism F 2 — * E* lifts to E 2 — * F 2 . Since we 
are given a non-zero morphism q : F 2 — > E* , there exists a non-zero morphism f 2 : E 2 — > F 2 . It 
is easy to verify that the resulting diagram is commutative. By the symmetry of the conditions, 
there exists a non-zero morphism g 2 : F 2 — > E 2 which makes the resulting diagram commutative. 
Thus we have the diagram (|3.Tj) . 
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Step 3. f 2 is an isomorphism. We also have an isomorphism E\ — > F\ and the resulting 
diagram (|3.5|) is commutative. 

Let /i:=52°/2 — id_e 2 G End(E 2 ). Then the commutativity of the diagram (|3.7|) yields poh = 0, 
so that h induces h: E 2 — >> E\. Hence from n(E\) < n{E 2 ) (Step 1) and the semi-stability of 
Ei, we have Hom(i?2, E\) = 0. Therefore h = 0, so that h = 0. Then 52 /2 = id_e 2 . By the 
symmetry of the condition, we also have f 2 o g 2 = idp 2 . Thus /2 is an isomorphism. 

The second statement is shown by routine procedures. □ 

3.2. Numerical criterion of semi-homogeneous presentation. Now we state the numeri- 
cal criterion for the existence of semi-homogeneous presentation. Fix an abelian surface X. 

Theorem 3.6. Let NS(X) = ZH and v be a Mukai vector with (v 2 ) > 0. 

(1) If there is at least two numerical solutions for v, then a general member of M^(v) has 
both kernel presentation and cokernel presentation. Each presentation is unique. 

(2) If there is only one numerical solution for v, then a general member of (v) has either 
kernel presentation or cokernel presentation. Such a presentation is unique. 

The proof will be presented in §§ 14.31 

4. Moduli of simple complexes of numerical invariant (vi,v 2 ,£i,£ 2 ) 

In this section we construct fine moduli spaces of simple complexes, which will be used in the 
proof of Theorem 13.61 We fix an abelian surface X with NS(X) = ZH. 

4.1. Complexes associated to numerical solutions. In this subsection we fix a positive 
Mukai vector v G H cv (X,Z) alg with £ := {v 2 ) /2 G Z >0 . 

Let (v 1, t>2, £1, £2) be a numerical solution of v. For i = 1,2, let Y{ := M^(vi) and Ej be a 

universal family such that v(<& x l ^ Y ( v j)) = (1,0,0), j 7^ i. By Lemma 12.71 NS(l^) is of rank 
one. We define Hi to be the ample generator of NS(Yi). We also set P :=Rpy lX y 2 *(Ej / ®o x ^2), 
where PYixY 2 '■ ^1 x X x Y 2 — > Y\ x Y2 is the projection. Then P is a line bundle on Y\ x Y2 
with P|{j /1 }xY 2 £ Pic°(l2) and P|yix{j/ 2 } £ Pic (Y~i). It is easy to see that Y2 — Y and P is the 
Poincare line bundle on Y\ xY 2 . 

For each numerical solution, we will construct families of complexes with Mukai vector £ 2 V2 — 
£\V\ parametrized by the moduli spaces of rank 1 sheaves Yj x Hilb (Yi). Here the indices 
{i, j} ={1,2} are defined to be (£i, £j) = (£, 1). We start with characterizations of our complexes. 

Lemma 4.1. Let V* be a bounded complex on X. The following three conditions are equivalent. 

(1) V is simple, that is, Rom(V,V) = C, and 22* (V) = for i ^ -1,0, H~ l (V') G 
M^{£ lVl ) ss and H°(V) G Mf (£ 2 v 2 ) ss . 

(2) <s>f^ Yi (v)eM%{£ 2 ,o,-ti). 

(3) ^y 2 ((n v [i])eMf(4,o-4). 

Proof, (a) We first prove the equivalence of (2) and (3). From $y 2 _^ yi = ^x^y ^Y2-*X' we ^ nc ^ 
that $5HI 2 = ^y^y^SLy- Then Lemma ES] yields that 

Hence 

<™y 2 ^ 1 (<Ly 1 (^)) = <^y 2 ((O v [l]). 
Then the equivalence follows from Lemma 14.31 below. 
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(b) Next we prove the statement (1) => (2) (or (3)). Assume that V satisfies (1). Then we 
have an exact triangle 

H-\V)[1] -> V -> H°(V) -» H-\V)[2]. 

Since V is simple, we have Horn (H°(V ), H- l (V)[2}) ^ 0. Since Q$_> Yl (H" 1 (V')[2]) G 

Aig 1 (0,0,4)" and *5^ Yi (i?°(y)) G Mg 1 (£ 2 ,0,0) M , H^xUy^V")) = for i ^ 0, 1 and we 
have an exact sequence 

(4.1) 

- H°(^t Yi (V')) - (#>')) - $f_ Yi {H-\V){2}) - /^(sSUiCO) ^ 0. 

We will prove that H 1 [® x ^ Yl (V)) = by showing Hom(Ei| {j/}xX , F*[l]) = for all 
y G Yi. Assume that Hom(Ei|{ J/ } x x, V^'fl]) / for a point y G Y"i. Then the Serre dual- 
ity implies that Hcan(V,Ei\ {y}xX [\]) / 0. Since (v(H°(V)), v%) = -1, Fact ETJ implies 
that Hom(ff (V r *), Ei|{ y } x x [1]) = 0. Hence we have a morphism ip : V — > ^\\{ y }xX [1] such 
that ff~ 1 (l/*) — ► i/~ 1 (Ei|{ J/ } xX [l]) is surjective in Coh(X). By Lemma S2] below and the 
semi-stability, there is an injective homomorphism Eil^jxx — ► H^ 1 ^'). Hence we have a 
morphism V* — ► Ei| {y\xX [1] — ¥ -^ _1 (^*)[1] ~~ > V* which induces a non-zero homomorphism 
H-^V) -> fl'- 1 (Ei| {v j xX [l]) -> ff _1 (V) and the zero map i?°(y) -> H°(V). Since V is 
simple, this is impossible. Therefore H.om(Ei\fy\ xX , V*[l]) = for all y G Y\. 

By (]4.ip . & X _> Y (V*) 1S a /^-semi-stable sheaf with Mukai vector (^2,0, —li). We will prove 

E v 

that &x— >Yi(y°) is stable. The claim for li = 1 is trivial. Hence we assume that (^1,^2) = 

E v 

Assume that there is a stable subsheaf F of $ x _^ Yl (V') such that 

rk(F)<^, ci(F)=0, X (F)/rkF > -l/£. 

Set u(-F) = (r, 0,a). Then since (v(F) 2 )/2 = -ra > 0, we have a = 0, which yields -F G 
Mg 1 (1,0,0). 

E v 

Since F is a subsheaf of a semi-homogeneous sheaf ^y^y (JT (V*)) with v(F) = (£, 0, 0), we 
find from Lemma [O] below that Hom($^ yi (#°(V )), F) / 0. Then we see that $^ yi (V*) 

E v 

is not simple. Therefore ^^^y (^*) * s stable. Thus (2) holds. 

(c) Finally we prove the statement (2) => (1). Assume that (2) (and hence (3)) holds. 

E v 

We first assume that £2 = 1. Then $x?-+Y C^*) — L Iz has the kernel presentation 

where L G Pic°(Yi) and Iz G Hih/(Yi). Applying $> Y l _ ) . x to this exact sequence, we get 

H\V') = 0(^-1,0), ^- 1 (^) = $^ 1 x (L®O z ), = 
Thus (1) holds. 

If t x = 1, then $^y 2 ((^*) v [l]) =L®I Z has the kernel presentation 

where L G Pic°(Y 2 ) and I z G Hilb^Ys)- Applying V x $yf_>x = ^Sx 2 ^ (see Lemma EHD to 
this exact sequence, we get 

H\V') = 0(^-1,0), ff- 1 (0 = *&((^®^) v ), ^°(y) = < 2 i! ] x (L v ). 
Thus (1) holds again in this case. □ 
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Lemma 4.2. Let E be a simple semi-homogeneous sheaf and F a semi-homogeneous sheaf with 
v(F) =£v(E),£e Z >0 . Then Hom(£, F) ^ if and only if Hom(F, E) + 0. 

Proof. See |M1| Proposition 6.10]. □ 

p[il P v [11 H 

Lemma 4.3. The functors ^y^y^y and ^y^y^Y! induce an isomorphism My^r, 0, —a) = 
M%(a,0,-r). 

Proof. See [YH Theorem 8.4] or [MZl Corollary 4.5] for a = 1. □ 

Remark 4.4. ^y^iy £>y 2 ^y^ly £Vi = ly v Hence i^j,^ gives the inverse of ^y^yPy. 

Lemma 4.5. Let V* be a bounded complex on X. The following three conditions are equivalent. 

(1) V* is simple and quasi-isomorphic to a complex — ► with G Mj^ (^iui) ss 
and £7° G Mf (^ 2 t; 2 ) ss . 

(2) $;^(v[i])eMf(4,o,-40. 

(3) Py^y^-) = *3U-i((n v [2]) G M^h,o,-h). 

Proof. §y 2 ->y 1 = ^A^y ^y -Of implies that ^y^y = ®x-+Y ®yI-*X- U sin g Lemma [2781 we 
have 

Therefore Lemma 14.31 implies that (2) and (3) are equivalent. 

The proof of the equivalence between (1) and (2) (or (3)) is similar to that in Lemma 14.11 
Hence we only prove the direction (1) =>- (2). Assume that (1) holds. 

We will show that Hom(E 2 | { j / } x x, V'[2]) = for all y G Y 2 . If Rom(V , E 2 |{ a}xA -) = 
Hom(E2|{ ?/ }xX) ^*[2]) V 7^ 0, then we have a non-zero homomorphism V° — * ~E,2\{y}xX- By our 
choice of v 2 , it is surjective. Then by Lemma 14.21 we also have an injective homomorphism 
E 2 |{,,}xX — ¥ V°i which gives a morphism E 2 |{j,} x x ~^ V* ■ Hence we have a non-zero morphism 
V* — ► Ei2\{yj x x ~^ V • Obviously it is not isomorphic. By the simpleness of V, it is impossible. 
Therefore Hom(E 2 | {2/}xX , V [2]) = for all y G Y 2 . 

Then 3>x^y 2 ((V"*) V [1]J is a simple sheaf. Then the same arguments as in Lemma 14.11 show 
the stability. □ 

4.2. Existence and some properties of the moduli spaces. As in the last subsection, we 
fix a positive Mukai vector v G H CV (X, Z) a i g with £ := (v 2 ) /2 G Z>o- For a numerical solution 
(vi, V2, ^1,^2) of V) w e continue to use the symbols Yi, Ej, P. 

Let J?i C Hilb (Fi) x Y\ and Z 2 C Hilb (l^) X Y2 be the universal family of ^-points on Y\ 
and I2 respectively. We set Sji := Y" 2 x Hilb £ (Yi) and f) 2 := Y\ x Hilb (Y^)- Then we have an 
exact sequence on fjj x Yf. 

(4.2) P (8) 1^ P -> P ® -»• 0, 

where i = 1,2 and we simply denote the pull-backs of P, I 2^ and Oz t by the same symbol. For 
i = 1, 2, we set c(l) := 2 and c(2) := 1. Applying 3>y^Jy. to the dual of (|4.2|) . we have an exact 
sequence on fj, x Y c ^y. 



(4.3) - (( P ® ^) V ) - ((P ^ <^) V ) - <5y ( ' D ' 



c(i) 

Then for i = 1,2, P <g> 1^ and y((P ® Iz c(i) ) y ) are universal families of stable sheaves 



P v ) -*0. 



on Yi with Mukai vectors (1,0, —£) and (£, 0, —1) respectively. $ y ^y. ((P (g> 7z cW ) v ) is also a 
universal family of stable sheaves on Y{ with Mukai vector (£,0, —1). 
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Remark 4.6. $Z [2] _^ v . (P v ) = O a , where A C Y, X Y { is the diagonal. 

Applying $y_> x to the exact sequences (14. 2p and (]4.3p . we have the following families of 
simple complexes. 

Proposition 4.7. For a numerical solution (f i, t>2, ^2) of t>, we set the indices i,j G {1,2} by 

(£i,£j) = (1,1) and set 6 

(1) We have families of simple complexes U* = \U~ 1 —> U°~\ of v{U') = £2^2 — h^i, s G 6 
with the following properties. 

(a) If h = I, we set U* := *y?5 x (P ® J -Zi)- Then F^W) = *?i-»x( P ® and 
H°(W) = ^y 1 ^^ (P) are semi- homogeneous sheaves with Mukai vectors £t>i and V2 
respectively. 

(b) If4 = ^we S etW:=$|5 x $gi ri ((P<8l2 2 ) V ) = $g™ x ((P ® I^) v ). Then 

H~ l (W) = $y^ x (P v ) and = $y^ ] x ((P®C2 2 ) v ) are semi-homogeneous 

sheaves with Mukai vectors v\ and £v2 respectively. 

(2) We have families of simple complexes V* : V -1 — > V° of v(V*) = £2^2 — £\V\, s G & with 
the following properties. 

(a) If £ 2 = £, we set V := $yj£ ] x (P <8> iz 2 ). Then V" 1 = $y 2 2 ^ x (P) and V° = 

$y^-»jf ( p ® ^-^2 ) are families of the semi- homogeneous sheaves with Mukai vectors 
v\ and £v2 respectively. 

(b) If 4 = we set V = *gflr< V ii a ((P ® 7 ^) V ) = *?ii((P ® J ^) V )- Then 
V- 1 = *?^ X ((P (2) 0^i[2]) v ) and V° = $yt-*x( pV ) are families of the semi- 
homogeneous sheaves with Mukai vectors lv\ and t>2 respectively. 

Proposition 4.8. For a scheme S, let V* be a family of simple complexes on X such that each 
V 1 is flat over S. 

(1) We set 

^(V;) = 0(i/-1,0), 1 



S' := < s £ S 



tf _1 GC) G (£ lVl r, H°(V;) G Mf (^2) 



Then 5" is an open subset of S and there is a unique morphism / : S' — > 6 such that 
(/ x 1*)*(W) = V| 5 / xX ®p^(JV), where iV G Pic(S') and j) S «:S'xI^ 5' is the 
projection. 
(2) We set 

S':={seS\ V; = [W- 1 -> <], G Mf (4^i) ss , W° G M#(W} • 

Then 5" is an open subset of S and we have a unique morphism / : S' — > 6 such that 
(/ x lx)*(V) = V| 5 'xx ®Ps/(JV). where N e Pic(S") and p s , : S' x X ^ S' is the 
projection. 

Proof. (1) By Lemma 14.11 5" is the set of s G 5 such that ^v-^y (V*) s is a stable sheaf with 

u($xL»-Y l (V') s ) = (£2,0, —£i). By the openness of stability [HL, Proposition 2.3.1], 5' is an 
open subset of S. Then we have a unique morphism /: 5" — * © and a line bundle N G Pic(S") 

E v 

such that & x 1 -^Y 1 (y')\s , xY' 1 <&P*s>(N) is the pull-back of the universal family on f) X Y±. Hence 
the claim holds by Proposition 14.71 The proof of (2) is similar. □ 

By Proposition 14.81 the universal families U and V in Proposition 14.71 give moduli spaces of 
simple complexes. 
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Theorem 4.9. Let v be a positive Mukai vector with (v 2 ) > and (v±, V2, £i, £2) be a numerical 
solution of v. 

(1) We have the fine moduli space (vi,v 2 ,£i,£ 2 ) of simple complexes V* such that 
IP(V) = 0,t ^ -1,0, H~ l (V) G M^(i lVl ) ss and H°(V') G M%{£ 2 v 2 ) ss . 

(2) We have the fine moduli space 9Jl + (v\, v 2 , £1, £2) of simple complexes V* such that V* = 
[W- 1 p^- 1 e Mf (^iui) ss , W° G M%(£ 2 v 2 ) ss . 

The following assertions show that ^t^(vi,v 2 ,£i,£ 2 ) behaves very well under the Fourier- 
Mukai transforms. 

Proposition 4.10. For a FMT $|!+ y , E G Coh(X x K), we set := $x^y( w *) = 1 > 2 )- 
Then the following assertions hold. 

(1) If //(Ebj-jxy) < or fJ,(v 2 ) < M(E|{a;}xy)) then we have an isomorphism 

^(^1^2,4,^2) ^ m ± {v , 1 ,v 2 j 1 ,£ 2 ). 

(2) If < fJ,(E\f x \ X Y) < l J -( v 2), then we have an isomorphism 

wt ± {v 1 ,v 2 ,h,£ 2 )^^{v , 2 ,v , 1 ,e 2 ,e 1 ). 

Proof. Let En (i = 1,2) be semi- homogeneous sheaves on X with Mukai vectors £jt>j. Then we 
have 

'$T^ Y (Ei), $f^y(E 2 ) G Coh(y) M(E| {x}xy ) < 
< ^M), ff_ y (i? 2 ) G Coh(y) < v(B\ {x}xY ) < »(v 2 ), 

^fS^l), <? y (£ 2 ) G Coh(y) M («2) < M(E| Wx y). 
From these results, we can easily prove the claim. □ 
For V* G 9Jt+(vi,?;2,^i,^2), we set 

Then Proposition 14.71 immediately implies the following. 
Proposition 4.11. \J r induces an isomorphism 

<M + (v 1 ,v 2 ,£ 1 ,£ 2 ) ^ TT{v l ,v 2 ,£i,i2). 
Proposition 4.12. For a numerical solution (v 1, V2, £1, £2) of t>, we set 

'o ^ 2 -4«i>o, 



/.•: 

and set 



1 - £ 2 v 2 > 0, 



m + { Vl) v 2 ,£ u £ 2 y.={V* G SJT+ (^1,^2,4^2) I V[fc] G M# («)}, 
Mf (^) :={S G Mf («) I G fm+(v u v 2 ,£x,£ 2 )}. 

Then we have the following assertions. 

(1) 9Jl + (vi, v 2 , £±, £ 2 )o and M^(v)o are open subschemes of Wl + (vi, v 2 , £1, £ 2 ) and M^(v) 
respectively, and we have an isomorphism 

<P: M + (v 1 ,v 2 ,£ 1 ,£ 2 ) -» M*(v) 
V 1 — ^ V'[Jfc]. 

(2) If there is a complex F # G 9Jt + (>i, u 2 , 4, ^2) with V'[k] G Coh(X) for some k G Z, then 
«OT + («i > ^^i ) € 2 )o^0. 
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Proof. (1) The openness of 9Jt + (vi, v 2 , £%, £ 2 )q is well-known (for example, sec [M7, Theorem 1.6 
(1)]) and the existence of <j> is the result of the universal property of (v). The openness of 
Mx(v)o and the existence of (p^ 1 follows from Proposition 14.81 (2). 

(2) follows from Fact l2~T71 □ 

4.3. Proof of Theorem 13.61 Before starting the proof, we prepare some lemmas. 

Lemma 4.13. Let E* be a bounded complex on X. Assume that E' has two expressions 

E* * [E 1 ^E 2 ] [Fi — > F 2 ] [— 1], 

where E 1 ,E 2 ,F 1 ,F 2 G Coh(X). Then E* G Coh(X) and E := H°(E*) fits in the following two 
exact sequences in Coh(X). 

Ei £ 2 J5 -> 0, -> £ Fi -> F 2 -> 0. 

Proof. We have two exact triangles: 

— ► i?2 — * E* — > £?* — > Fi — > F 2 — > E*\\\. 

By taking the cohomology groups of these triangles, we get the claims. □ 

Lemma AAA. Assume that a complex E* on X has two expressions 

E'^[E X ^E 2 ] * [F 2 ^F![2]][-1], 

where Ei,E 2 ,F\,F 2 are semi- homogeneous sheaves and <p,ip are non-trivial. Namely, we have 
an exact sequence in Coh(X): 

-» Fi -► f?i -» E 2 -> F 2 -> 0. 

Let $|^ y be a FMT. Then the following holds. 

(1) (a) If //(Fx) < MEUxM) < »(Ei), then 6 Coh(r). 

(b) If n(E 2 ) < MEUxM) < KF2), then G Coh(F). 

(c) For the other cases, <I ) ^J;y(£'*) is not a coherent sheaf on Y for any k. 

(2) (a) If fj,(Fi) < fi(E\xx{y}) <KEi), then V Y <S>f_^ Y (E') G Coh(F). 

(b) Iffi(E 2 ) < M(E|xxW) < M^), then PySfJ^F') G Coh(F). 

(c) For the other cases, Py<3?^J;y (-E*) is not a coherent sheaf on Y for any fc. 

Proof. (1) We have an isomorphisms 

(4.4) ^ly(E') - [*I V _ y (£i) - *T^y(E 2 )] - [$f_ r (F 2 ) -> ^ Y (FlM] [-1]. 
If M (Fl) < MEUxM) < /i(^), then 

$l V _ y (^l[2]), $fV(£l), ^y(^), ^f-,y(F 2 ) G Coh(Y). 

Hence the claim (a) holds by Lemma 14.131 
If »(E 2 ) < /i(E| Xx{y} ) < M (F 2 ), then 

$f_ y (^l[2]), $f_y(£i[2]), $ll y (F 2 [2]), $f_ y (F 2 ) G Coh(F). 

Hence the claim (b) holds by Lemma 14.131 

For the proof of (c), we check the following three cases. 
If M E Ux{s/}) < V(Ei), then 

^ Y (Fi), ®T->y(Ei), $T-> y (E 2 ), *T-. y (F 2 ) G Coh(Y). 

Thus by (|4.4|) <&^_^y(-E*) cannot be a sheaf for any k G Z. 
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If n{E x ) < n(E\ Xx {y}) < H(E 2 ), then 

*^y(Fi[2]), $1V(^i[2]), $|ly(£ 2 ), $f_ y (F 2 ) G Coh(F). 

By ^^yC^*) cannot be a sheaf for any kZ. 

If /i(F 2 ) < ^(Elxx^}), then 

SSr.yCFip]), $lV(^i[2]), $|V(^ 2 [2]), $l!. y (F 2 [2]) G Coh(Y). 

By (|OJ) S^yO^*) cannot be a sheaf for any k G Z. 
(2) We have an isomorphisms 

*f-y(£*) v = [fcW - ^ly(^i) V ][-l] = [*I V -.y(^i[2]) v - *fly(*2) V ] ■ 
If < MElxxfe}) < A^i), then 

d>ll y ( J B 1 ) V , ^Ily(^2) V , ^Ily(Fi) V , ^(^[2]^ G Coh(F). 
Hence the claim (a) holds by Lemma 14.131 The other claims are verified similarly as (1). □ 

Now we can show Theorem 13.61 

Proof of Theorem \3.6[ The uniqueness statements follow from Proposition 13.31 In the following 
we show the existence statements. 

(1) Assume that the numerical equation of v has two solutions {y\, u 2 , £\, £2) and (v[, v' 2 , £'i,£ 2 )- 
By Proposition 14.71 we have two families of simple complexes V* = [V -1 — > V°] and V'* = 
[V' 1 — > V'°] associated to the two numerical solutions (v\, v 2 , £\, £2) and (y^, v' 2 , £\, £'2)- We set 
S :=Wl + (v 1 ,v 2 ,£ 1 J 2 ) and S' ■-d3\+{v' 1 ,v' 2 ,£' 1 ,£' 2 ). 

(a) We first assume that V* and V'*/ are sheaves up to shift for general s G S and s' G 5". 
By Proposition 14.121 there are non-empty open subschemes So C S and S' C S' , and we 
have open immersions /: Sq —>■ M^(v) and f ■ S' — > M^(v). Since M^{v) is irreducible 
(Fact 12. 3p . f(So) D f'{S' ) / 0, which implies that a general member 2£ G M^(v) has two 
semi- homogeneous presentations. By the uniqueness of the presentations (Proposition I3.3( ). one 
of these two presentations must be a kernel presentation and the other should be a cokernel 
presentation. Thus we obtain the result. 

(b) Next we assume that V* is not a sheaf for all s G S. Then Fact 12 . 1 5l implies that there is a 
numerical solution (ui,u 2 ,ki,k 2 ) such that for a general s G S, -ff -1 (V*) and H°(V°) are semi- 
homogeneous sheaves with w(// _1 (V*)) = k\U\ and v(H°(V°)) = k 2 u 2 respectively. Applying 
Fact 12.171 to the family of complexes V* successively, we find an equivalence T: D(X) — ► D(X) 
or DpT) -> D(X) op such that .F(V*) = G[fc], where G is a stable sheaf, k G Z and w(G[fc]) = v. 
Then by the proof of Lemma 14.141 we have the kernel and the cokernel presentation of G. 

(2) Assume that the numerical equation of v has a unique solution (vi,v 2 ,£i,£ 2 ). We have 
a complex V* = [V -1 — > V°] associated to this unique solution. This is a semi-homogeneous 
presentation, since otherwise we would have another numerical solution by Fact 12.151 □ 

5. Applications of the semi-homogeneous presentation 

In this section we give some applications of the semi- homogeneous presentations. In particular 
Mukai's Conjecture 15.11 is proved, as mentioned in the introduction. We fix an abelian surface 
X and suppose NS(X) = 7LH in order to use Theorem 13.61 
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5.1. An old conjecture of Mukai. In this subsection we give an answer to the following 
Conjecture 15.11 originally proposed by Mukai |M3t Conjecture 1']. 

Conjecture 5.1. Let X be an abelian surface with NS(A) = 7LH and v be a Mukai vector with 
t := (v 2 ) /2 > 0. Suppose that v has at least one solution of the numerical equation (|3.2p . 

(1) Among the numerical solutions for v, take the solution (v\, V2, £\, t-i) such that rk(i>j) 
is minimum, where the index i G {1,2} is determined by ti = £. Then for a general 

member [E 1-1 — ► E°~^ of 9Jt + (v ±, t>2, £\, £2), f is either surjective or injective. 

(2) In the situation of (1), the kernel or cokernel of / is stable. 

(3) A general member of (v) has a semi-homogeneous presentation corresponding to 
the numerical solution (v±, V2,£i, £2) of v such that rk(uj) is minimum, where the index 
i G {1, 2} is determined by ti = t. 

Theorem 5.2. Conjecture 15.11 is true. 

Proof. (1) If v = e dH (l,0, —£) or v = e dH (£,0, —1) with d € Z, then we have obvious solutions 
v = -(£ e dH (0,0,1) ~ e dH (1,0,0)) or v = £e dH "(1,0,0) - e dH (0,0,1), and the claim holds. 

Hence we may assume that v / e dH (l, 0, — £) nor v / e dH (t, 0, — 1). Let (v 1, V2, l\, £2) be 
any numerical solution of v. Let V* : V -1 — ► V° be the family of simple complexes on X 
in Proposition O (2). Namely, we have V" 1 G M^(£ivi) ss and V° G M^(£ 2 V2) SS for s G 
e:=M + (v 1 ,v 2 ,h,£2). 

In order to prove the statement, it is sufficient to prove the following: if V*[/c], k = —1,0 is 
not a sheaf for all s G G, then there is another numerical solution (v[, v 2 , £'\, £'2) of v such that 
rk(^) < min{rk(ui), rk(w2)} for i = 1,2. 

Assume that V*[fc], k = —1,0 is not a sheaf for all s G ©. By Fact 2.12, there is another 
numerical solution (v' x ,v' 2 ,£\,£' 2 ) such that H' 1 ^) 6 Mf (^i) SS and G M^(£' 2 v' 2 ) ss 

pjV Ml 

for a general s G S. By Lemma [4. 51 ^j^y (V*) is a family of simple complex with Mukai vector 
^2,0,-h). Since V s * = [H°(V S ) -> .£f~ 1 (V*)[2]] [-1], we have 

*3Uo>:) =[<L yi (^°(v:)) - ^SL^cjy^cv:))^ [-1] 

-[^^(^(v;)) - *S3i(^ _1 Cv:))][-i]. 

E^ [21 E^ 
Since /u(i>i) < fj,(vi) < fJ,(v 2 ), &x-*Y {H~ 1 (Vs)) and ^x~>Y (-^°(^*)) are semi-homogeneous 

E v 

vector bundles with Mukai vector £' x u\ and £' 2 u 2 respectively. Here we defined ui := ^ x 1 _^ Yl ( v i) 

E v 

and U2 := ^x-^Y ^^)' 

E v 

Now we show the inequality vk(v\) — rk(u.) > 0. We note that = m(^x-»-Yi ( w 2)) < M n 2) < 
^( E il{x}xyi) < If n 2 = w ( El l{:r}xyi) and rk («2) = rk(ui) = 1, then rk(v / 1 ) = 1 and 

v 2 = (0, 0, 1), which means that v = e dH (1,0, —£), or e dH (£, 0, —1), contradicting the assumption. 
Therefore 112 7^ v (^i\[ x \ X Yi) or rk ( n 2) 7^ 1- Since 

rk(«0 - rk(«J) = rk(^ ] x ((0, 0, 1))) - rk(*^ («*)) 

= -(K E ilwxy 1 ) ) (0,0,l)) + ^(E 1 |^ }xyi ), Ul ), 

the claim follows from Lemma 15.31 below. 

E v fll 

Next we deal with the inequality rk(i>2) — r k(t>^) > 0. By Lemma 14.51 ^x^->Y C^*) is a family 
of stable sheaves with Mukai vector (h,0,-£ 2 ). Since V| = [H°{V') -» fl-^Jp]] [-1], we 
have 

*5S a (vr) =[«^Si(fl°(v:))[-i] - ^SSkc^cv:))!!]] 
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Since fi(v[) < (J,(v 2 ) < fJ-(v' 2 ), $ x 2 _\y 2 (H (V*)) and ^x-^yJ^ (K)) are semi-homogeneous 

E v 

vector bundles with Mukai vector t'^u'i and i^u'i respectively, where u'i := <& X 2 -+Y ( v i) anc ^ u 2 := 
^X-^ya^)- Note that /u(u 2 ) < M(^'2|/ a .\ x y 2 ) < M n i) < 0- Then we can prove the inequality 
rk(f2) — r k(iQ > using Lemma 15.31 below and a similar argument as above. 

(2), (3) These are the consequences of (1), Proposition 14.121 and the irreducibility of M^(v) 
(FactES}. □ 

Lemma 5.3. Let Y be an abelian surface with NS(Y) = ZH' and Wi := (r;, d;iT', d 2 (H' 2 ) / (2r.i)) 
(i = 1,2,3) be primitive and isotropic Mukai vectors on Y such that r» > 0, (wi,Ws) = —1, 
fJ>(wx) < fj,(w 2 ) < fJ>(w3) and dx^3 > 0- Then we have — (w 2 , (0, 0, 1)) + (w2,Wi) > 0. If the 
equality holds, then rku?2 = 1 and u;,- = w 2 , where {i,j} = {1,3}. 

Proof. For i,j with = {1,3}, 

( ^2 di\ (H 1 ' 
-{w 2 , (0,0,1)) + {w 2 ,Wi) =r 2 -r 2 ri 



r 2 nj 2 

(dj di\ 2 (H 2 ) r 2/ . ( 1\ 

>r 2 - r 2 ri I — — — = r 2 H {wi,Wj} = r 2 I 1 > 0. 

V r j r i / ^ r i \ r j / 

If the equality holds, then n(w 2 ) = and Tj = 1. Hence Wj = w 2 and rk(w 2 ) = 1. □ 

5.2. Sheaf-preserving Fourier-Mukai transforms. Since FMTs are defined in the derived 
category, we cannot expect that a sheaf is transformed into a sheaf in general. In Lemma 14.131 
of the previous section, we have already encountered such a phenomenon. Similar statements 
are dealt in the next proposition. 

Proposition 5.4. Suppose that a coherent sheaf E has both kernel and cokernel presentations. 

-> Ei -> E 2 -> E -> 0, -> £ -> Fi -> F 2 -> 0. 

Let E be a universal family of simple semi-homogeneous sheaves. Let /i := fj,(E y ), y G K. The 
image of F by $ := $;^->y is classified as follows. 



range of slope 


image of E 


non-vanishing 






cohomology sheaf 


H < fi(E{) 


genuine sheaf 


$°(£) 


n(Ex) <fi< fi{E 2 ) 


2-term cpx. 


$°(E), &(E) 


H(E 2 ) <fi< /i(Fi) 


genuine sheaf 


$\E) 


fi(Fi) < li < n{F 2 ) 


2-term cpx. 


^(E), $ 2 (£) 




genuine sheaf 


&{E) 



Proof. This is the consequence of WIT for semi- homogeneous sheaves (Proposition 12.14"]) . Since 
the proof is similar to that of Lemma 14.141 we omit the detail. □ 

Example 5.5. Suppose NS(X) = ZH and put n := (H 2 )/2 £ Z >0 . We can give the condition 
when a sheaf is converted into a complex under the FMT <I> := <£ p ~, where P is the Poincare 

X — ► X 

bundle of X. Assume that the Mukai vector v with (v 2 ) > has a numerical solution. Then for 
a general member E £ M§(v), the image of E under $ is a two-term complex only if v(E) can 
be written by one of the following four forms. 

(a) (ld 2 n - 1, £dH, I) with d > 0, (b) {d 2 n - £, dH, 1) with d > 0, 
(c) (l-d 2 n,-dH,-l) withd>0, (d) (l,0,-£). 
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Proof. By Theorem l3.61 we can assume that E has a semi- homogeneous presentation. We divide 
the argument into two cases according to the kind of the presentation. 
(1) Assume that E has a cokernel presentation 

0^E 1 ^E 2 ^E^0 

and that the image of E by $ is not a sheaf under any shift. 

(1) First consider the case 

v(Ei) = vi = (r 1 ,d l H,a l ), v(E 2 ) = £v 2 = £(r 2 ,d2H,a 2 ), 

where v\ and v 2 are primitive. Then 

(vi,v 2 ) = -1 <^=^ 2d\d 2 n = r\a 2 + r 2 a\ - 1, 

(vf) = <^=^ d\n = r\ax 1 (v 2 ) = <^=^ d\n = r 2 a 2 . 

By the result of Proposition 15.41 and the equality (i(P y ) = 0, we need to determine the condition 
for ij,(Ei) < < n(E 2 ). If /x(-Bi) ^ 0, then we have 

r\a 2 + r 2 a\ — 1 < 0, r\a\ > and r 2 a 2 > 0. 

These inequities have no solution, so that we may assume /u(-E'i) = < fj,(E 2 ). This condition 
yields 

ri > 0, d 1 = 0, d 2 >0 and r 2 > 0. 

These ineqalities have only one solution: 

V! = (1,0,0), u 2 = (d 2 n,dH,l), d>0. 

From the condition rk(E') > we have d > 0. Thus we obtained the first solution (a), 
(ii) Next consider the case 

v(Ei) = lv\ = €(ri,diiJ,di), v(E 2 ) = v 2 = (r 2 ,d 2 H,a 2 ). 

By the result of Proposition 15.41 we need to determine the condition for fi(Ei) < < fj,(E 2 ). As 
in the first case, ^{E\) < < fJ-(E 2 ) < oo has no solution. Then we have to consider the case 
fJ.(Ei) = < fJ-(E 2 ). This case has the next solution 

vx = (1,0,0), v 2 = (d 2 n,dH,l) d>0, 

and we can exclude the case d = by the condition rk(E') > 0. Hence the second solution (b) 
is obtained. 

(2) Assume that E has a kernel presentation 

0^£^£ 2 ^£i^0 

and the image of E is a two-term complex. We can put v{E\) = t\V\ and v(E 2 ) = £ 2 v 2 with 
(^1,^2) = (1)^) or (^,1). The condition we have to consider is ^{E\) < < [i{E 2 ). Then a 
simple calculation as in (1) shows that the solutions are 

vi = (d 2 n,dH,l), v 2 = (1,0,0), d > 0. 

Considering the condition rk(E') > 0, we obtain the third solution (c) and the last one (d). □ 

Remark 5.6. In the cases (a) and (b), one may easily find that T>£ o $ induces a birational map 
M x ( v ) > X x Hilb^A). Thus we recover the result of jY3l Theorem 3.14. (1)]. 

As a consequence of Theorem 13.61 and Proposition 15.41 we have the next proposition. 
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Proposition 5.7. Suppose that NS(X) = ZH, {H 2 ) = 2n and that v is a primitive Mukai 
vector. Then for any universal family E of simple semi-homogeneous sheaves over 
with v' = (r',d'H,a!) satisfying 

(5.1) d ^< d v^+T 



r r V n 



or 



dl d VFTT 
- >- + - 



r r V n 



the image ^^-^y (E) of a general member E G My (u) is a stable sheaf up to shift. 

Proof. We only show the proof for the case (|5.ip . since the other case can be shown quite 
similarly. 

By Fact 12.151 we may assume that v has a numerical solution. By Theorem 13.61 we can 
assume that E has a semi-homogeneous presentation 



(1) 


- 


-> E - 


-> Ex - 


-> Ei 


-» 0, 


or 


(2) 


- 


-> E2 


-> Eh. - 


^ E - 


-> 0, 


or 


(3) 


- 


-> E - 




-> ^ - 


-> 0, 


or 


(4) 


- 


-> E l - 


^ E 2 - 


^ E 1 - 


-» 





with v{Ex) = £vx, v{E2) = v 2 . By Lemma 16.141 proved later, we can set 

vi = (plrx,piqxH,q 2 r 2 ), v 2 = (plr 2 ,p 2 q 2 H, q 2 n), 
nr 2 = n, px>0, Piq 2 n - p 2 q 1 r 2 = 1. 

The cases (1) and (3) follows from Proposition 15.41 since for each case we have 

n(v') < fj,(v) < n{vx) < n(v 2 ), n{v') < n(v) < n(v 2 ) < n(vi). 

For the case (2), we estimate the value of fj,(v) — (J*(v 2 ). From v = £vx — v 2 we have r = 
ip\rx — P 2 r 2 and d = lp\q\ — p 2 q 2 - Then we have 

/ \ / \ tpm -P2q2 q2 -l pi 

fi{v) - /X(W2J = Y~ 2 2 = • 

Ipfrx - p 2 r 2 p 2 r 2 r p 2 r 2 

Notice that p 2 < holds, since 

/*(«*) < ^ J^<JL_ ^ 0< J^_J^ = P2qir2-pxq2rx 

P2T 2 Pxrx PV\ P2'T2 PlP2^1^2 

1 

<^ < p 2 < 0. 

PXP211 

We also find from r = lp\r\ — p\r 2 that p\lp\r\ = (1 + r/p 2 r 2 )/£n, which leads to p\Ip\t\ < 
(r + l)/£n. The equality holds if and only if P2 r 2 = 1- Hence we have 



fj,(v) - fj,(v 2 ) < r + 1 

r V n 

Therefore the conclusion follows from Proposition 15.41 since the assumption (|5.ip means 



/i(u') < n{v) - r + l \l~ < ^{v 2 ) 
r V n 

for any choice of v\ and v 2 . 

For the case (4), we have r = p\r 2 — £p\rx and d = p 2 q2 — £piqi- Then 

/ \ 1 s P292 - ipiqi qi 1 P2 

fi[y) - n{vx) = — 7-5 = • 

p\r 2 -£p{rx Pxn r px^x 
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In this case we have P2 > and v%IVv\ = + r/p\rx)/n, which means that (r + £)p2/npfrf > 



In. Hence we have 



H(v) -n(vi) < - 



_l_ r 



n 



Since \J £(r + l)/n > y/(£ + r)/n, the assumption (15, ip means that 



< M- (A* -Mi) = Mi- 



Therefore the conclusion holds by Proposition 15.41 and Fact 12.171 (1). 



□ 



6. Matrix description of cohomological FMT 

This section is devoted to the description of cohomological FMT via quadratic matrices. The 
original idea is due to Mukai [M2[ IM3] , We fix an abelian surface X with NS(X) = ZH and set 
(H 2 ) = 2n. 

Our study can be summarized in the next diagram. 



(6.1) 



£(X) 



0(B) 



13 



0(2,1) 



SL(2,R) O S0(2,l) 



2:1 



O 2:1 



G/{±lY ^PSL(2, 




SO (2,l) 



Here 0(2, 1), S0(2, 1), SL(2, R), PSL(2, R) are the familiar real Lie groups, regarded as subgroups 
of the group of invertible 3x3 matrices GL(3,R). S0(2, 1) has two connected components and 
S0o(2, 1) denotes the component of S0(2, 1) including the identity matrix. We are interested in 
the set 

£(X):= |J Eq (D(Y),DpO), 

yeFM(A) 



where Eq (D(y),D(X)) is a subset of Eq(D(Y), D(X)) defined in Definition EES] (1). Although 
this set cannot be studied directly, we can investigate it through its cohomological representation. 
The map 9 : £(X) — » 0(B), defined in Definition 16.151 (2). realizes this idea. Here B is a lattice 
of rank three, which is essentially the same as the Mukai paring on the abelian surface of Picard 
number one, as defined in Definition 16. 6[ The group 0(B) consists of the isometry of the lattice 
B. 

The main result of this section, Theorem 16.161 claims the existence of bijection 



(6.2) 



Im#^ G/{±1}, 



where G is a subgroup of SL(2, R) introduced in Definition 16.91 The element of G encodes 
the data of Mukai vectors $((0,0,1)) and $((1,0,0)). The bijection (|6.2p indicates that the 
cohomological action of $ is uniquely determined by the image of the skyscraper sheaf and the 
structure sheaf. 
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6.1. Cohomological correspondence. In this preliminary subsection we give a description of 
the Mukai lattice on the Fourier- Mukai partner Y of X. 

In the paper |Y3l §§ 1.3], one of the author deals with the ample divisor H. Let us recall the 
argument. For a while we do not assume NS(X) = TLB.. Let vo = (ro,£o)Oo) ^ e an isotropic 
Mukai vector and set Y := M§(vo). Assume that there exists a universal family E on Y x X. 
Let x £ X and y G Y be arbitrary closed points. Set wo := Vo(E\i x \ x y) = tq + £o + a-oPY, 
Co E NS(y). Then $(E v | Xx{?/} ) = Cj, and $(C X ) = B\ {x}xY , where $ := $f Hence for the 
cohomological FMT, we get $ h (vq) = py and $ H (px) = wq. 

Now we introduce a map v: H 2 (X,Q) -> # 2 (Y,Q) by 



\ r 



n) j j C2 (E)-^-i Cl (E) 2 )u / , v (D ) 



where [ ]i means the natural projection from H ev (Y, Q) to H 2 (Y, Q). Then by [Y3|, Lemma 1.4], 
—tqv{H) is represented by an ample divisor on Y". Thus -ff is proportional to —tqu{H). 

Using this divisor H we can describe the cohomological behaviour of FMT in the following 
manner. 

Fact 6.1 (|Y3l Proposition 1.5]). (1) Every Mukai vector v = (r,£,o) G H CV (X, Z) a i g is 
uniquely written as 

v = + XPX + dH + D- ^(dH + D, £ )p x 



with 



r ^ 1„ too + (Co, 6 + r a 1 (ro£ + r£ ,#)^ 1 



r r r r r (# 2 ) r (H 2 ) 

and L> G NS(X) ^zQnff 1 . 



(2) 



* H (^o + XPA + + U - -{dH + D, Co)px)) 
(6.3) ro 

= ^py + x^o + dis(H) + i/(D) + —(dv{H) + u{D),i Q ) PY , 

where D G NS(X) gizQnff 1 . 

Now we return to the case NS(A) = 7LH. Suppose that for an isotropic Mukai vector v, 
Y := Mx (v) G FM(X) and that there exists a universal family E on Y x X. Set NS(F) = ZH 
and <f> := $x-»y 

Lemma 6.2. In this setting we have —v{H) = H. 

Proof. We can write = —cv(H) with c G <Q>>o as above. Lemma 12.71 shows that (H 2 ) = 2n. 
Thus we have c = 1. (See also |Y31 Lemma Appendix A.l] for a general treatment.) □ 

Consider the action of the cohomological FMT $ H on the lattices H CV (X, Z) a i g -> # CV (Y, Z) a i g 
of rank three. Take a basis (l,H,px) of H ev (X, Z) a i g and a basis (l,H,py) of H ev (Y, Z) a i g . 
Then <3?^ can be written by a 3 x 3 matrix. 

Lemma 6.3. The determinant of is 1. 

Proof. By Lemma 12.71 we ma Y P u * (-f^ 2 ) = (H 2 ) = In. Set = (ro,doH,ao) and u>o = 
(ro, doH, ao). From (|6.3p . has an effect 

fo v + dH + {x _ 2 ^ d)px „ XWQ - d H + (£- ^d)p Y , 
ro r 
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so that if we present & H by the basis (vq ,H, px) and (wq, H , py) , then its matrix is 

"0 2nd /r 1" 
M:= -1 . 
1 -2nd /r 0_ 

On the other hand, the base change {1,H, px) ► {vq, H, px) can be written as 

l/r 0l 
do/r 1 
-a /r 1 

Similarly the base change (wq, H , py) •— ► (l,H,py) can be written as 

l/r 0] _1 
P 2 := -d / ro 1 . 
-a /r 1_ 

The determinant of the multiplication of these three matrices is 1. Thus the conclusion holds. □ 



Remark 6.4. For later use, we display the resulting matrix P2MP1. 

ao 2ndo 



(6.4) 



P 2 MP 1 



TO 



(opdo- d )/r -l + 2nd d /r d 

_(-2nd d + r + a a Q r ) / r% 2n(b d - d )/r a _ 

6.2. Some calculations for matrix description. In this subsection we give elementary re- 
marks on the groups appeared in the diagram (|6. 1 j) . We begin with the description of the 
indefinite orthogonal group 0(2, 1). The following notation will be used. 

J 2j i :=diag(l,l,-l) G GL(3,M), 

0(2, 1) := {g G GL(3,M) | *gl 2 , ig = I 2 ,i}, 

SO(2,l) :=SL(3,R)n 0(2,1). 

The connected components of 0(2, 1) are described as follows. 

Lemma 6.5. There are four connected components of 0(2, 1), and these are given by 

(0) {g = (ffy) G 0(2,1) I detg = +1, g 33 > 1}, 

(1) {g = ( 9ij ) G 0(2,1) I detg = +1, 533 < -1}, 

(2) {g = ( 9ij ) G 0(2,1) I detg = -1, 533 > 1}, 

(3) {g = (gij) G 0(2,1) \detg = -1, g 33 < -1}. 

Proof. This is a well-known fact and we only show the sketch. First note that g G 0(2, 1) has 
det g = ±1. Introduce the bilinear form (•, •) on ]R 3 by 

(x, y) := xiyi + x 2 y2 - x 3 y 3 . 

J 2) i, where g { 



Then for g G GL(3,R), the condition gl^^g = is equivalent to [(g%,gj)] ■ 
denotes the i-ih column of the matrix g. Hence the condition is rewritten into 

(i) (9h9j) = (1 < i, j < 3, % 7^ j), (ii) (ft, ft) = 1 (* = 1,2), (iii) (g 3 ,g 3 ) = -1. 

Then (iii) implies gf% + g% 3 — g 33 = — 1, which yields g| 3 > 1. 

Considering the continuous functions det g,g 33 on the real Lie group 0(2,1), we find that 
the subsets (0)-(3) belong to mutually different components. Define 1$ := diag(l, 1, 1), I\ := 
diag(— 1, 1, —1), I2 :=diag(l, —1, 1), ^3 :=diag(l, 1, —1). Then each Ij belongs to the subset (j). 
One can explicitly construct a path from any element of the subset (j) to the element Ij. Thus 
the conclusion follows. □ 
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The component (0) in the above classification will be denoted by SOo(2, 1), which contains 
the identity. As is well-known, the adjoint map 



(6.5) 



Ad: 



SL(2,j 
9 



SO (2,l) 

(x G sl(2,R) i-> g _1 xg) 



induces an anii-isomorphism PSL(2, R) :=SL(2, R)/{±1} ^ SO (2, 1). Here the image Ad(g) 
(x i ^ g~ 1 xg) is regarded as the matrix presented in the basis ( 

sl(2,R). A straightforward computation yields that for g 



1 
-1 



1 

1 



1 
-1 



of 



p q 

r s 



the matrix becomes 



(6.6) 



Ad(«7) 



ps + qr —pq + rs pq + rs 

qs — pr (p 2 — q 2 — r 2 + s 2 )/2 (—p 2 + q 2 — r 2 + s 2 )/2 

qs+pr (-p 2 - q 2 + r 2 + s 2 )/2 (p 2 + q 2 + r 2 + s 2 )/2 



The overline in the notation indicates that we do not apply the usual definition Ad(g) := (x 
gxg^ 1 ), which gives an isomorphism PSL(2,M) ^ SOo(2, 1). The quadratic form used in this 
correspondence is x\ + x\ — x 2 , which is different from the Mukai paring. This discrepancy is 
solved as follows. 



Definition 6.6. We define 



Sym 5 



x y 



x,y,z G 



We also introduce a bilinear form B on Sym 2 (M) as 



X = 


x y 


, x' = 


x' y' 




y z_ 




/ z ' . 



G Sym^ 



Here we denoted X := 


z 


-y 


for X = 


x y 




-y 


X 




y z_ 



The signature of (Sym(2, R), B) is (2, 1). We define an action of GL(2,] 
(6.7) X ^ X ■ g := 'gXg, X G Sym 2 (R), g G GL(2, R). 

Since X = (det X)X~ 1 , we see that l gXg = (det gfg' 1 ■ X ■ t g~ 1 . Hence 

BfgXgtgX'g) = (det g) 2 B(X, X'). 

In particular, SL(2,R) preserves the bilinear form B. Thus we get a map a : SL(2,j 
where 0(B) is the set of linear transformations preserving the paring B. 



on Sym 2 (M) by 



To present the homomorphism a explicitly, we choose a basis ( 
Sym 2 



1 




1 










5 


1 


1 


1 



0(B), 
) of 



Then the paring B corresponds to the symmetric matrix 

J:-- 



0-1 
2 
-10 



Using the same basis, we can regard the element M G 0(B) as a 3 x 3 matrix. There is an 
isomorphism (3 : O(B) — > 0(2, 1) defined by 



(6i 



0: 0(B) 3 M h+ P- 1 MP G 0(2, 1) 
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where we set 
(6.9) 



P : 



1 

71 



-1 1 

1 

1 1 



Note that the map (5 is well-defined since t PJP = I 2j i holds. 
Lemma 6.7. The following diagram is commutative. 

SL(2,R) -^O(B) 



Ad 



SO (2,l) 



P 

0(2,1) 



In particular the map (3 o a : SL(2, 
SO (2,l). 



v q 

r s 



0(2,1) is a surjective anti-homomorphism SL(2,Z) — * 

E SL(2, R), the image a(g) = {X i— ► l gXg) in (|6.7|) is written in a matrix 
of Sym 2 (M) as 



1 




1 












1 




1 



Proof. For g 
form via the basis ( 

p2 2pr r 2 

(6.10) a(g) := pq ps + qr rs 

q 2 2qs s 2 

It satisfies t a(g)Ja(g) = J. Then a direct calculation using (16. 6h and (I6.10p yields the desired 
equality Ad(g) = P~ l a(g)P. □ 



We continue the study on Sym 2 (M). Set 
Sym 2 (Z,n) : = 



x y^n 
yyjn z 



x,y,z£Z \ cSym 2 (M). 



Then B is an integral bilinear form on Sym 2 (Z,ra). It is nothing but an analogue of the Mukai 
pairing for abelian surfaces of Picard number one. 

Lemma 6.8. Let x,y,z,w £l be algebraic numbers such that 

(i) x 2 ,xy/^,y 2 G Z. 

(ii) z 2 , zw I \/n, w 2 G Z. 

(iii) xw — yz = ±1. 

Then there are unique integers a,b,c,d and r, s > such that 

a^fr by/s 



x y 

z w 



(6.11) 

with rs = n and adr — bcs = ±1. 

Proof. The case xy = is trivial, since then we can write 



x y 
z w 




" 1 




1 


0" 


= ± 


—1 di/n 


or ± 




1 



c,dE Z. 

The case zu; = can be treated similarly. Hence we may assume that xyzw ^ 0. 

We set a := sgn(x) gcd(x 2 , xyj^fn) and 6 := sgn(y) gcd(y 2 , xy/y/n). The condition (iii) yields 



(6.12) 



2 2, 2 2 o X V zw 

x w + y z — 2—=—=n 
\ n Jn 



1. 
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Hence gcd(a, y 2 ) = 1, gcd(6, x 2 ) = 1, and gcd(a, b) = 1. We can write x 2 = a 2 r, y 2 = b 2 s and 
xy/y/n = abX, where X,r, s G Z. Then x 2 y 2 = (xyj yfn) 2 n a 2 rb 2 s = a 2 b 2 X 2 n implies that 

rs = X 2 n. Since \a\ = gcd(x 2 , xy / y/n) = gcd(a 2 r, abX), we have gcd(ar, 6A) = 1. In the same 
way, we get gcd(6s, aX) = 1. Therefore we should have A = ±1 and rs = n. A similar argument 
using (ii) and (hi) works on z,w. 
In the consequence we have 

byTs 



a, b,c,d G Z, r, s,t,u E Z>o, rs = in 



n. 



1. By rs = tu = n, we have gcd(s,u) = 
Then (iii) is equivalent to the requirement 



x y ay/r 
z w c\/i dyju 

Then (I6.12p becomes a 2 d 2 ru + b 2 c 2 st — 2abcdn 
gcd(t, r) = 1. Hence we have s = t and r = u 
adr — bcs = ±1. 

Finally we prove the uniqueness. By adr— bcs = ±1 we have gcd(x 2 , xy/y/n) = \a\ gcd(ar, b) = 
\a\. Since the sign of a should equal to that of x, a is uniquely determined. In the same way, 
b,c,d are uniquely determined. Then r and s are characterized as s = x 2 /a 2 and r = y 2 /b 2 . 
Therefore the uniqueness is shown. □ 

The condition appeared in Lemma 16.81 defines a subgroup of SL(2,R). 

Definition 6.9. We set 




G GL(2, 



2 2 2 2 X V 

x ,y ,z ,w , 



zw 



n 



n 



Lemma 6.10. (1) G (resp. G) is a subgroup of SL(2, 
(2) 

"1 



(resp. GL(2, 



G = G x 







-1 



"1 


" 




x y 




"1 " 




x -y 




x y 





-1 




z w 




-1 




—z w 




z w 



(3) G preserves Sym 2 (Z,n) under the action (|6.7p of GL(2, ] 
Proof. We note that 



G GL(2,J 
on Sym 2 (ffi 



(6.13) 



ayfr byfs 
Cy/s dy/r 



aa 



ca 



IrP + bdyss 1 ab' yrs 1 + bd'ysr 
^sr' + dc'yfrs' 



cb'Vss' + dd! 





x yyjn 




ay/r byfs 




yy/ri z 




Cy/s dyfr 



for two elements of G. Since y/sr = v s'r' = y/n, G is closed under the multiplication. Obviously 
the inverse is also well-defined on G. Hence G is a subgroup of SL(2, R). 
(2) is obvious and (3) is a consequence of the following calculation. 

ay/r Cyfs 
by/s dy/r 

(abx + (adr + bcs)y + cdz)yfn 
(abx + (adr + bcs)y + cdz)yfn b 2 sx + Ibdny + d 2 rz 

□ 

Remark 6.11. If (H 2 ) = 2, that is, if the surface is principally polarized, then G = SL(2,Z). 
This group is mentioned in |M8|. Example 1.15 (1)]. 

For stating Lemma [6. 131 we introduce a terminology in Sym 2 (R), corresponding to the notion 
of the positive Mukai vector. 



SEMI-HOMOGENEOUS SHEAVES, FMT AND MODULI ON ABELIAN SURFACES 



29 



x y 



Definition 6.12. An element 
y > 0, or if x = y = and z > 0. 

Lemma 6.13. Consider the action (pTTj) of PSL(2,K) on Sym 2 
(1) If 71,72 G PSL(2,R) have the same action on 



G Sym 2 (IR) is called positive if x > 0, or if x = and 



1 




and 



n). 

1 



, then 7i =72- 



(2) Assume that we are given two positive elements X\,X2 G Sym 2 (Z,n) with B(X\, X±) = 
B(X2,X2) = and B{X\, X2) = — 1. Then there exists a unique element 7 G G/{±1} C 

"0 Ol 



PSL(2, M) such that 



1 




• 7 = Xi and 



Proof. (1) Take elements g\ : 
in PSL(2,M) equal to 71,72. T 

t 



x y 
z w 



,52- 



r s 



1 

G SL(2 



7 



X 2 . 



such that their equivalent classes 



91 



len the condition is rewritten into 

t. 



91 = 92 



1 






"0 


0" 




"0 


0" 


92, t 9i 





1 


51 = *52 





1 



92- 



1 


These equations yield x 2 = p 2 , xy = pq, y 2 = q 2 , z 2 = r 2 , zw = rs, w 2 = s 2 . Hence (x,y) 
€i(p,q) and (z,w) = e 2 (r, s) where e\ = 1 or —1 and 62 = 1 or —1. Since 51,52 G SL(2,R), we 
should have ei = e%. Therefore g\ = ±52, which means 71 = 72- 

(2) The uniqueness follows from (1). We only have to show the existence. 



Set Xi = , ' \— " l v '" (i = 1,2). Then the assumption is equivalent to 
di^/n cii 

d\n — nai = 0, d\n — r2Ci2 = 0, 2d\d2?i — 7702 — r%a\ = — 1. 

By the first two equations we can take x,y,z,w G E such that x 2 
z 2 = T2, zwj^fn = d2,w 2 = a 2 . By the third equation we also have xw 

we may assume xw — yz = +1 by changing the signs of z and w. Now set g : 



77, xy/y/n = di, y 2 = ax, 
yz = ±1. Hence 
r x y 

z w 



. Then 



Sym 2 (Z,n) 
r dy/n 
d^fri a 



g G G C SL(2, R). Then the equivalent class 7:= ±g G PSL(2,Z) can be defined. This 7 satisfies 
the requirement by construction. □ 

6.3. Matrix description. We introduce a description of Mukai vectors via 2x2 matrix form, 
which is a generalization of the one defined in |M3j . We suppose NS(X) = XH and set n := 
(H 2 )/2 G Z >0 . 

First we define an isomorphism of modules 

i x : # ev (X,Z) alg - 
(r, dH, a) 1- 

Then it is clear that 

(v,v')=B(l x (v),ix(v')). 
Thus we have an isometry of lattices: 

i X : (# ev (X,Z) alg , (-,.)) ^ (Sym 2 (Z,n), J B). 
We also have the next restatement of Lemma 16.81 and Lemma 16.131 

Lemma 6.14. If X is an abelian surface with NS(X) = "LH and (H 2 ) = 2n, then any pair of 
positive primitive isotropic Mukai vectors v\,V2 G H ev (X, Z) a i g satisfying (^1,^2) = —1 can be 
uniquely written as 

vx = (a 2 r,abH,b 2 s), V2 = (c 2 s,cdH,d 2 r), 
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rs = n, adr — bcs = 1, a > 0. 
Proof. This can be shown in the same manner as Lemma l6.13f 2). so we omit the detail. 
Definition 6.15. (1) For Y, Z G FM(X), we set 

Eq (D(y),D(Z)) :={$52H G Eq(D(F),D(Z)) | E G Coh(Y x Z), G Z}, 
£(Z):= |J Eq (D(y),D(Z)), 



30 



□ 



£ :-- 



yeFM(x) 

U 



Eq„(D(r),D(Z)). 



Y,Z&M(X) 

Let Y, Z G FM(X). For a FMT $ := : D(Y) 

0($) —^o^oi" 1 , 



D(Z) with E* G D(y x Z), set 



where $ H : £T CV (Y, Z) -> F CV (Z, Z) is the cohomological FMT induced by $ (see 

Note that £ = UzeFM(x) ^(^) an d that £ is a groupoid with respect to the composition of the 
equivalences. Since ty,iz an d & H are isometries, their composition #(<3?) is again an isometry 
on the lattice (Sym 2 (Z, n), B). Thus we have a map 9: £ — » 0(B). 

Theorem 6.16. For each Z £ FM(X), we have a bijection 

9(£(Z)) ^ G/{±1}. 

Proof. It is enough to show for the case Z = X. First we use Lemma 16.131 to make a map 

k: 9(£(X)) — ► G/{±1} 

s E[2fc] 



Take an element $ = & Y —>x ^ Eq(D(Y), D(X)). By Fact 12.61 (3). there are primitive isotropic 
Mukai vectors Vi = (r^diH,^) G H cv (X,Z) a i g for i = 1,2 such that v(E y ) = v 2 , Y = M%(v 2 ), 
(vx,v 2 ) = —1 and E is a universal family on Y x X. Set Xi := ix(vi) G Sym 2 (Z,n). Then the 
assumption of Lemma 16.131 (2) holds. Thus a map k is defined. The same Lemma 16.131 implies 
that k is injective. 

x v 

For the converse relation, let us take 7 G G/{±1} and choose a representative g:= £G 

of 7. Then by Lemma 16.81 there exists integers a, b, c, d, r, s uniquely determined by g. If 
we set v\ := (a 2 r,abH,b 2 s) and v 2 := (c 2 s,cdH,d 2 r), then (uf) = = and (vi,v 2 ) = 

— (adr — bcs) 2 = —1. Thus we can apply Proposition 12.141 (4) to the pair vi,v 2 . Hence there 

exists a FMT $:=$JJ^ such that V(E) = C y and Hf(F) = Oy[-i] (i = or 2) for E 1 G Mf (v 2 ) 
and -F G M^(v±). Then the inverse transform := satisfies <3?^((1, 0, 0)) = V\ and 

$^((0,0,1)) = v 2 . Set Xj := tx(^i)- Now using [6TT1 we find that 9(&) and 7 have the same 
action on X\ and X 2 . Since X\ and X 2 satisfy the assumption on Lemma [6. 131 (1). we find that 
k o 9(&y^x) coincides with 7. □ 



Remark 6.17. Lemma 16.31 means that the image (3 o #($) G 0(2,1) is actually in SO(2, 1). 
Theorem 16.161 further claims that (3 o 0(3>) G SOq(2,1). We can prove it by using Lemma 



as follows. The matrix form of 9(&) in the basis ( 



l 




1 












1 


5 


1 



of Sym 2 (M) is the 



P 2 MP 1 in 
1 " 
-1 



6 

1 

1 



(see Remark [6 
1 
-1 



The element (3 o 0(3>) is a matrix presented in the basis 
of sl(2, K). The transition matrix between these two bases is the P 
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in (|6.9p . Thus we should calculate /3o#($) = Q:=P l P 2 MP\P. A straightforward computation 
yields 

Q33 = 7T2 ( r o + r o + °Wq + a rl + a ao?"o - 2nd d ) 



2r- 
1 

2rf 



(n(d - d ) 2 + n(r - l)do + n-0"o - l)^o + ( a oao + l)ro) 



Since all the ao, 5q, ro are positive, we find that Q33 > 0. Since we have known /3o#($>) G SO(2, 1), 
Lemma ED shows that (3 o 0($) G SO (2, 1) 

Next we treat the composition of FMT and the dualizing functor. For a FMT & x '_ iY G 
Eq(D(X),D(Y)), we set 

9(^ x ^ y V x ):=l y o ($|^ y ) H 2? x o l x 1 : Sym 2 (IR) -> Sym 2 (K). 

Here the T> x m the last line means the cohomological action H ev (X, Z) a i g 
the dualizing functor. 

Lemma 6.18. (1) 

"1 



H CV (X, 



of 








-1 



G PSL(2, 



We also have 9($ X ^ Y V X ) G PSL(2, : 
a b 
c d 



for a FMT $l*_ y G Eq(D(X), D(Y)). 



(2) If 0($ 



E \ 



, then 



0($ 



E N 

y^Aj 



d 6 

c a 



Proof. (1) This is trivial. 

(2) The claims follows from the following relations. 



E v [2] 
E 

Y^X 
E v [2] 



E N 

X^YJ 



=^A^y_l 2 i^y 



A^yJ 



The first equality is obvious and the second one is a consequence of the Serre duality (Lemma l2.8|) . 
For the third equality, we take the inverse of the second equality. □ 

Now we summarize the argument of this section in the following manner. 

Proposition 6.19. Suppose NS(X) = TLPL and set n := (H 2 )/2 G Z>o. Consider a pair of 
primitive isotropic Mukai vectors v\ and v 2 on X such that (vi,v 2 ) = — L By Lemma 16.144 we 
may put 

vi = {plri,piqiH,qlr 2 ), v 2 = (plr 2 ,p 2 q 2 H, q 2 n), 
ri r 2 = n, piq 2 n - p 2 q\r 2 = 1, p 1 > 0. 

Let us denote by E{ a simple semi- homogeneous sheaf with Mukai vector Vi, where i = 1,2. 
Proposition 12.141 shows that there exists a FMT <I> := & Y ->x which converts the structure sheaf 
O y into E\ and a skyscraper sheaf into E 2 up to even shift. 

Then the action of the cohomological FMT <S> H : H CV (Y, Z) a i g -> H CV (X, Z) a i g can be written 
as follows. Let H be the ample generator of NS(V). For a Mukai vector v = (r,dH,a) G 
H ev (Y, Z) a ig, the image 4> Jf (u) is given by 



P2V r 2 W r l 



G G. 
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Here the action • is given by 

(6.14) (r,dH,a)-g:=(r',d'H,a'), *g 



r dy/n 
d\fri a 



9 



r' d! y/n 
d\fn a! 



Conversely, given 7 G G/{±1}, there exists a FMT <3> = &y^x sucn that = 7, and this 
FMT is unique up to even shifts, automorphism of X and tensor with a degree zero line bundle. 

7. Tame complex 

This section gives some examples of calculations involving the semi-homogeneous presentation 
and the matrix description. We consider a certain sequence of FMTs associated to the power of 
a quadratic matrix. The resulting images of the original sheaf defines a sequence of complexes, 
which we call tame complexes. These complexes are easy to handle in the sense that we can 
state explicit numerical criteria for a FMT to transform the complex into a stable sheaf. The 
criteria, which are the main results of this section, are given in Theorems 17.211 and 17.311 

We fix an abelian surface X with NS(X) = ZH. We define n := (H 2 )/2 £ Z >0 . 

7.1. The arithmetic group G and numerical solutions for the ideal sheaf. Before start- 
ing the calculation, we notice the next result on the number of numerical solutions for (|3.2|) . 

Proposition 7.1. Let E be a stable sheaf on X with I := (v(E) 2 )/2 > 0. Then the numerical 
equation (13. 2p for the Mukai vector v := v (E) gives the next criterion. 
If n£ is a square number, then the number of numerical solution is or 1. 
Otherwise, the number of numerical solutions is or infinity. 

Proof. We may assume that there is at least one solution for v. Then there exists a FMT $ 
whose cohomological counterpart $> H maps v to (1,0, —I), and it is sufficient to prove the claim 
for v = (l,0,-£). 

We rewrite the numerical equation as v = ±(£ui — 112), where u\,U2 are positive isotropic 
Mukai vectors with (u\,U2) = —1. Using Lemma 16.141 we can further rewrite the numerical 
equation as 

(1, 0, -I) = ±(£ui - u 2 ), ui = (pjr 1 ,p 1 q 1 H,qla 1 ), = 0, 

where pi,qi £ r\, a% £ Z>o and r\a\ = n. Then we have 

= {u 2 2 ) = {{lp\ri T l,l Piqi H,l{qla x ± l)) 2 
= 2n(£p iqi ) 2 - 2{lp\r x T l)£(q 2 iai ± 1) 
= 2nt 2 p\q\ - 2t(ntp\q\ =F q\a x ± lp\r\ - 1) 
= 2£(±qlaxTiplri + l). 
Therefore the above equation becomes 

£p\r\ - q\a\ = ±1. 

Let us consider the solution of this equation. Suppose that nl is a square number. We may 
suppose gcd(£ri,ai) = 1. Then since tr\a\ = in is a square number, both £r\ and a\ are square 
numbers. Hence the equation above becomes {\fW\pi — \/diqi)(V^ r iPi + y/^iQi) = if- Then 
the solution is as follows. 

lu x -u 2 = (-1, 0, 1): u x = (0, 0, 1), u 2 = (1,0, 0), 
lu\ — U2 = (1, 0, —£) : a solution exists only when £ = 1 and 

ui = (l,0,0),n 2 = (0,0,1). 

Next suppose that n£ is not a square number. Put r\ = n and a\ = 1. Then by the above 
calculation, the equation £u\ — 112 = (—1, 0, £) leads to q 2 — £np\ = 1, which has infinite number 
of solutions. □ 
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Example 7.2. If rk(u) = 0, then we can write v = (0,dH,a) with £n = (nd) 2 . In this case, 
there is no kernel presentation. 

Hereafter we assume that \/in £ Z. By Theorem 13. 6} a general member of M^(v) has both 
kernel and cokernel presentations if a numerical solution exists. 

Our next task is to describe the numerical solution of the ideal sheaf of 0-dimensional sub- 
scheme. First we introduce an arithmetic group Sfi^£. 

Definition 7.3. For (x,y) € R 2 , set 



P(x,y) :-- 



We also set 



y £x 
x y 



2 2 

x ,y ■ 



y ix 
x y 



x y r- 1/ 2 
in 



£x 2 



±1 



Lemma 7.4. (1) S n i is a commutative subgroup of GL(2,1 

(2) We have a homomorphism 

4>: S Uj t — > M x 
P(x,y) i ^ y + xy/I. 

(3) For £ > 1 <^ is injective, and for £ = 1 we have 



Ker c 



1 

1 



(4) We set a subgroup G n / of G (Definition I6.9P to be 



G 



n,£ 



geG 



o 



Then 



G n / = S n> £ x 



Proof. The proofs of (1) and (2) are straightforward. 

For (3), assume that x, y G K with x 2 , y 2 ,xy/y/n S Q satisfy y + xv 7 ^ = 1. Then (y 2 + £x 2 ) + 
2{xy j \fn)\f£jn = (y + x\ft) 2 = 1- Our assumptions yields y 2 + £x 2 = 1 and xy = 0. If a? = 0, 
then y = ±1. If y = 0, then £ = 1 and x = 1. Hence the conclusion holds. 

(4) follows from direct computations. □ 

Then the Dirichlet unit theorem yields the following corollary. 
Corollary 7.5. If £ > 1, then S n/ ^ Z © Z/2Z. 

Proof. Let Pi,P2, ■ ■ ■ ,Pm be the prime divisors of in and o the ring of algebraic integers in 
QG/Pii a/P2) • • • ; y/Pm)- By Dirichlet unit theorem o x is a finitely generated abelian group 
whose torsion subgroup is {±1}. Hence (j){S n ^) is a finitely generated abelian group whose 
torsion subgroup is {±1}. For A £ S n/ , we have <p(A 2 ) G Z[\/£n~]. Since Z[v^i] x = Z © Z/2Z, 
we get S n ,£ = Z0Z/2Z. ' □ 

Remark 7.6. If n = 1 and £ > 1, then Si^ is the group of units of Z[v*]- Moreover if £ is square 
free and £ = 2,3 (mod 4), then since 7i\yl\ is the ring of the integers of Q[\/^], a generator of 
S\ t becomes a fundamental unit. 



Now we will construct families of simple complexes for all numerical solutions of (1, 0, —£)■ 
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Lemma 7.7. For two positive isotropic Mukai vectors wo,w\ on the fixed abelian surface X, 
the condition 



is equivalent to 



(1,0, -£) = ±(£w -wi), (w Q ,wx) 



w o = tf-^q 2 ), Wl = ( q 2 ,-^H,£ 2 p 2 ), P(p,q) G S n/ . 



-1 



Proof. If there are isotropic Mukai vectors with the first condition, then we can write them as 
w = (r, dH, (r£ ± 1)) and w\ = (r£ =F 1, d£H, r£ 2 ), where d 2 {H 2 ) = 2r(r£ =F 1). We set p := y/r 
and q := y/rF^l. Then w = (p 2 , -*fcH, q 2 ), wi = (q 2 , ~^=H, l 2 p 2 ) and £p 2 - q 2 = ±1. Thus 
P(p, q) G S n £. The converse is obvious. □ 



Corollary 7.8. Recall the action • of GL(2, R) given in (|6.14|) . By the correspondence 

g G G n>i i * (w , wt), w = (0, 0, 1) ■ g, Wl = (1, 0, 0) • g, 
we have a bijective correspondence: 

{w ,wi) = -1, = = 0, 
w , wi > 0, (1, 0, -£) = ±(£w - wi) 



G r . 



1 
-1 



(w ,wi) 



Definition 7.9. Assume that £ > 1. Let z :=q + y/Ip (p, g > 0) be the generator of S n ^/{±1}. 
We set e:= q 2 — £p 2 G {±1}- For m £ Z, we set 





m 


6 m ^Otm 


p <7_ 







By the definition we have 

(a ,b ) = (0, 1), (o_ 

and 

(7.1) 5 ft , = 



m i b—rn) 



), m € Z >0 



Q>m b m 



m G 



Next we consider the right action of GL(2,R) on R 2 
(7.2) (x,y)^(x,y)X, X G GL(2,: 

Then the quadratic map 

R 2 -> Sym 2 (R) 
x 



[x y] 



is GL(2, R)-equivariant. 

Using this action, we have the next descriptions of the topological invariants of fine moduli 
spaces Mx (v) of dimension 2. 



ve H cv (X,ZU g , (v 2 )=0,v>0, 



(7.3) 



< — > 



(w,v)=-l, 3wG# ev (X,Z) alg 

a, b G Z, r, s G Z>o, 
rs = n, gcd(ar, 6s) 



| (o>/r, bVs) G 



¥>2 



[ ar 



U {oo} 



';}/{±l} = {(0,l)X|XeG}/{±l} 
rs = n, gcd(or, bs) = 1 
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where we used the correspondences 



(a 2 r, abH, b 2 s) ±(a^/r, byfs) 



V2 fi(v) by/n 



n 



or 



35 



These correspondences are G-equivariant under the action (17.20 . 

Lemma 17.71 f|7. 1 j) and (|7.3p imply the following one to one correspondence: 

There is a numerical solution "1 (( b la \ mi 

(v 1 ,v 2 ,£ 1 ,£ 2 ) of (1,0, -I) ) ^ U^'Tf L ) cF 

{«1,«2} < ► 



{Wl,f 2 } 



m G 



where = & 1) if and only if (^, ^) = ^). 



Definition 7.10. For the numerical solution (ui, Vi,l\,l%) corresponding to {— — , f m j = 
denotes the moduli space 9Jt ± (i;i, v 2 , 4,4)- 9Jt^,[-l] denotes the moduli 
space of F*[-l], V G SOT*. 

In this section, we will explicitly construct families {F^} m£ 2 of complexes associated to all 
{ _h^ ta^y , mG Z. 

Proposition 7.11. We have families of complexes {F,^} m ^z such that 

( F' m G n 371- m>0, 

f « Gan+nsm+[-i], 

[F« G9Jt+[-l]n^ m+1 [-l] m<0, 
and a sequence of isomorphisms: 



Win 



-ljnaKtj-i] 



M 1 ~'-' l L _1 ] 



n art; 



m— 1 



an 



m—l 



m+l 

F' 



nan: 



where \]/ is the isomorphism in Proposition 14. 1 11 



We will call the complex the tame complex. Its construction and the proof of Proposi- 
tion [7jT] will be given in the following subsections. 

7.2. Construction of the tame complex: case I. Under the notation of the last subsection, 
we assume e = q 2 — ip 2 



T. In this case, the algebraic integers a m , b m in Definition 17.91 satisfies 



the following relations. 



&2fc-l ia,2k „ &2fc-l H, £a-2k+l b 2 k i(l2k-l n ^ m \ 

< -t — < <V£< - < — < - (k G Z >0 ), 

«2fc-l °2k 0>2k-l »2fc+l «2fc »2fc-l k ^°° «fc 



lim — = \fl. 



We regard (a m : b m ) and (6 m : £o m ), m G Z as elements of P 1 (1R). Then the inhomogeneous 
coordinates of these points give a sequence 



(7.4) 



oo 



bo_ < J_P 
ao q 
£a 



< *zi<...<_VS< 



< 



6-1 a_ 2 

0<^- = *<^< 
ai p 6 2 



< 



-2 &-1 

2 a-i 



P 



< 



VI 



< 



b 2 la\ ip bo 
< — < - — = — < — = oo, 
a 2 h q a 



where we write the inhomogeneous coordinate of (0 : 1) as oo or — oo. 
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In our case e = — 1, we have the cokernel presentation 
(7.5) 0^E 1 ^E 2 ^F^0 

for a general F G Mg(l,Q,-£). By Lemma \7l\ we can write v(E{) = (q 2 ,-^H,£ 2 p 2 ) and 



v(E 2 ) = £(p 2 , -^H,q 2 ). Now we set 



X X :=X, X :=M$(p 2 ,-^H,q 



Since 



q —£p 
p -q 



D(Xl) satisfies 



there is a universal family E on Xq x X\ such that the FMT ^Xo^Ai • D(-Xo) 

Then the cokernel presentation (|7.5p is rewritten as 

(7-6) -> $l ^ Xl (B ) - d>l _ Xl (A ) - F - 0, 

where £ G M£ (1,0,0) and A G Mf o (0,0,£). Here H is the ample generator of NS(X ). On 
the other hand, every F G (1, 0, — £) has the kernel presentation 

(7.7) ^ F —> E>i —> Ai —> 0, 

with B 1 £X = M$ (1,0, 0) and A x G Mf (0, 0, £). 
For i G Z, we set 

^Q := ^Qmod2) := ^4jmod2; -^i : = Bi mod 2 • 



Definition 7.12. We define Ej. m G D(JQ x Xj +m ), m > inductively by 
Ei, [l-(-l) 

Here the symbol A denotes the diagonal of Xi X X{. 
For Ej jm G Coh(Xj x Xi +m ) and the isomorphism 

Xi x ^Tj^ jn > XiJ rTn x ^Lj, (xj,Xj+ 
we also denote £*(E ijm ) G Coh(X i+m x Zj) by E i)m . 
Lemma 7.13. 



$ E; ( m > 0). 



(,T 



(7.8) 



E^Il-t-l)*] 



E[l-(-l) l + m " 1 ] 



A' 



i-\-m — 1 " 



...^-(-i^i^M-m (m>Q) 



(7.9) 



ri+(_l)<+m] 



Ai— >A;^ 



E. !+m , m [l-(-l) l+m K-l 



A; + m — >Aj_|_2m 

E v [l+(-l) l+m ] 



►A 



Under the identification £ : Xi x Xj +m — 
(7.10) Ei +mi?n 



... $ EV[l + (-l)*+2] $ EV[l+(-l)i+l] 
Ai+i^Ai+2 Aj— >Xj-|-i 



(m > 0). 



Xj +m x Xj, we have 
E- 

. 7TJ. • 



SEMI-HOMOGENEOUS SHEAVES, FMT AND MODULI ON ABELIAN SURFACES 



37 



Proof. (|7.8p is derived from Definition IT. 121 The claim (|7.9p follows from the following compu- 
tation. 



EV +ra , m [l+(-l) <+m ] 

Sr y- v 



=f<I) E 1+m , m [i-(-ir + -] r i 

_^E v [l+(-l) l + m ] ^[l+C-l)^ 2 ™- 2 ] E^l+f-l)^ 2 "- 1 ] 

»^i + m ^i+2m-l-*^i+2m-2 ^i + 2m"^^-i+2m-l 



E[l-(-l)^ 



E v [l+(-l) i+m ] 



E v [l+(-l)*+ 2 ] $ E v [l+(-l) 1 



We prove the last claim. By using Lemma 12.81 we see that 

=v x + ^iwr + x m -^ . . . ^ 1 ~t? +1] ^x [1 Z i x 1)i] ^x. 



\i+m— 1] 



= $EV[l+(-l)< 

-^"i + m— 1 ^-^i+m 



$E v[l + (-l)i+i] $E v[l + (-l)*]_ 



Hence $?^ m 
If m is even, then 



E v 

Xi— >A"i_| 



E v fl+f-l)* 
^ — >Xi 



, which implies (|7.10p . 

E,, m [l-(-l) l K-l 



Xi — >Xi 



If m is odd, then 



r = («- 1, " 1 r m/2 - 



A"; — >A"i-| 



= 



Xj— >Xj_|_i (^Xi+i— >A"i y 
E l+1 , 2 [l-(-l) 1 + 1 ]^-( m -l)/2^E[l-(-ir+ 1 ]^-l 



The next lemma compute the cohomological action of Ej 
Lemma 7.14. (1) For m G Z>o we have 



.Xj+i— >x 



0" 



Ate?:™* 



P 



m G 22 



<>Cb 



± 
± 



1 
-1 



p 



p 



£p 



1 
-1 



m G 2Z> + 1, 
m G 2Z>o, 

m G 2Z> + I. 



□ 



In these equations, the signs in front of the matrices are irrelevant, since the images of 9 in 
PSL(2,R). 

(2) Ej >m is a locally free sheaf for m G Z>o- 
Proof. (1) By Lemma 16.181 we have 

flf<B E \ _i [" Q -*P 



Hence we find that 



E N 

Xi-*X j 



Q 

p q 



1 2 
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2 



Xo—tX^Xi—tXn/ 



q -l\ 

-p q 



From these relations we obtain the conclusion. 

(2) Assume that Ej im _x is a locally free sheaf. By Lemma 17.141 (1). we have 

M(E» ) m|x i x{x i+ra }) = {-if^Vri, 

^ m _ 1 \ {Xi}xXi+m _ 1 ) = (-ly+m-i^zi^ 

"TO— 1 



^( E lx i+m _ lX {a- l+m }) - (-1) 



i+m— 1 



n, 



P 

Here xi is a closed point of Xj. Propositions 12.141 (1) and (|7.4p yield that if i + m — 1 is even then 
$ v ,m v (C,.) = $ v _ v 3>v'^v (C x ) is a locally free sheaf. In the same manner if 

i + m - 1 is odd, then $ 5* - m y (C x .) = $5 2] y v ( C * ) is a locall y free sheaf • 

Therefore Ej m is also a locally free sheaf. Thus the conclusion holds. □ 

The next weak index theorem is the fundamental result for our computation of FMTs. 

Lemma 7.15. For m > 0, we have 

^ZxJM ^ZxJ^}) e Coh(X m ), 
^x ZxjB ), fc m (Bo V ), *x£xj*%) eCoh(X m ), 

^A 1+m K[2]) eCoh(X 1+m ), 

*x^x\ + JBi), ^ZxljB?), ^Z Xl+m W, * x lZx 1+ jB?) eCoh(X 1+m ). 

ivr 



Proof. We may assume that m > 0. Since ^,^[2], i = 0, 1 are 0-dimensional sheaves, 

1Y[2], % = 0,1. Since 



the claims hold for ^,^[2], i = 0,1. Since Bi,B^, i = 0,1 are line bundles of degree 0, 



M(%m|XjX{a: J+m }) = (-l) J (W a m)V» implies that WIT (resp. WIT 2 ) holds for B ,B^ with 
E E v 

respect to &x° Zx m ( res P- ^x° Zx m ) anc ^ WIT 2 (resp. WITo) holds for B\,B\ with respect to 
^Zx (resp. $5% )• □ 

From (I7.6P and (|7.7j) we have 
(#) -> $f _ Xl (B ) -> ^XxCA)) -> -> -> 0. 

E v [21 

Applying 3> x 1;^ to this sequence, we have 

(#*) -> ^xo(^i) ^ - B - 4) - 0. 

For later use, we prepare the next lemma. 

Lemma 7.16. 

Proof. Recall Lemma 12.81 and the definition of Ej j?n (Definition IT. 12^ . One can compute that 

^Tx^x ^Ux = ZxT^xflxVxo = * x ?Z + xfVxo, 
^Tx\*xUx = *S"x 1 (^o^ 1 )- 1 [-2] = 
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The last equality follows from the second one. 
Definition 7.17. For 

F := Ker( J Bi -» Ai) Coker($ 
we define the tame complex by 



Xq— *Xi 



(40), 



□ 



Ei 

Xi 


2 [2] > 
-*Xi, 


j(m+l)/2^, V ) 


= 


m = 


2k - 1, 


fc > 1 


Ei 

Xi 


2 [2] > 
-*Xi, 


) m/2 (F) 


= <ilfi(^) 


m = 


2fc, 


fc > 


Ei 

Xi 


2 [2] « 
-Xi, 


j(m+l)/2^ V j 


= ^Xi(^ V ) 


m = 


-2fc - 1, 


k > 


Ei 

Xi 


2 [2] « 
-Xi, 


) m/2 (F) 


= ^"xi(^) 


m = 


-2fc, 


> 1 



i 7 ^ satisfies v(F^) = (1, 0, —£). We can also express them in terms of Ao, Bq. 
Lemma 7.18. 

\[Bo 
[Bo 



F' 

m 



^E 0i 2fe_i[2] ( 
Xq— >Xl 



A»r, 



m 

777 



m 



A)]) 
- A,] v ) 

By Lemmas 17.151 17.181 and Definition 17.171 we have the following description of F^, from 
which follows the first part of Proposition 17.111 for the case e 



<I>* 



l,2fc+l[2] / r R 
X ^X 1 {[BO 
KV 



2Jfc - 1, 
2Jfe, 

-2fc - 1, 
-2fc. 



-1. 



Proposition 7.19. (1) If m 

free sheaves, and 



2k,k>l, then 



(So) and ^xMo) 



are locally 



^0,2*;+ 



-A"i->X 



S^^) i = -l, 







i = 0, 
-1,0. 



In particular, we have an exact sequence 



(# 



-> $ 



Ai^A 



Mi 



^x°oTx\(Bo 



The slopes of these four sheaves are 



y/n < 



l 2k+l 



02k 



+1 



02fc+l 



la 



2k 



02k 



n. 



(2) If m = 2k + l,k > 0, then *J^j£ l2] (^i) and fcJ'^j^OBi) are locall y free sheaves, 
and 



B'k+i 



[$xT-5xf\ A i) fe'Vi)]- 



H \ F 2k+l) 



Ei,2fc+1 / R V 
Ei^fe+i 



-1, 



i ^ -1,0. 

In particular, we have an exact sequence 

(#2fc+l) 



, T ^I .J/, f2p] ^ , ^E lj2 fe+2[2] ( D V\ , <£ E 0,2,' I 



*?Axrw) 



Xq— >A 



0. 
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The slopes of these four sheaves are 



40 



fok+l 



'n < 



&2fcH 



0>2k+2 



n < 



i&2k+2 i— b2k+l 

-yn < vn. 



(3) If m = -2k- 1, k > 0, then S^Xi^ 



fok+2 



«2fc+l 



1 '(Aq), ^Xfr^xl \Bq) are locally free sheaves, and 



^• 2 ,-i[i] = [^i 1 1 [21 K 



Ao^Ai C^O )] ) 
1 (5l V ) » = -l, 



Xi^X 

^ Xl (A([2}) i = 0, 
{ i± -1,0. 



In particular, we have an exact sequence 

Xo- 



The slopes of these four sheaves are 

^«2fc i— „ &2fc+l /— „ ^d2k+l i— &2fc /— 

— — v n < v n < "t v n < — v n - 

t>2k fl2fc+l »2/c+l «2fc 

E v E v 

(4) If m = -2k -2,k>0, then $x^™'x(Bi) and ^x^JCiiAi) are locally free sheaves, and 
*V- 2 = [^tm - ^x\(Ai)], 



*xtTxMo) 



-1, 



,i. E l,2fc + l I 2 ! / D \ 

$v_ .v. (-Bo) « 



' Xq—>Xi 



I 



In particular, we have an exact sequence 



0, 

i / -1,0. 



(#-2fe-2) -> ^Xo^Xi (A)) -» ^Xx^X] 

The slopes of these four sheaves are 



*xhxMi) 



^x ^x 1 



(B ) -» 0. 



&2fc+l /— „ £a2k+2 i— „ &2fc+2 

— Vn < V n < 



a 2fc+l 



J2fc+2 



a 2fc+2 



n < — \Jn. 

02k+l 



Now we show the second part of Proposition IT. Ill for the case e = — 1. By Definition 17.171 and 
Lemma 17.181 the relations of (# m ), m G Z are summarized as follows. 



(7.11) 



F 2k 


= $ 


TP* 

r 2k+l 


= $ 


F -2k-l 


= $ 


F* 


= $ 



(<;el!r> 2 Vi) * e z> l5 

fc G Z> , 
) A; G Z> , 



Aq^Ai/ 



Ao^Ai 
E v 



^X, 



E v 

Xo— >Xi 



These are nothing but the relations ^(i 7 ^) = -F^+i ( m ^ ^) indicated in the second statement 
of Proposition 17.111 Thus the proof of Proposition 17. 1 11 is completed. 
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7.3. Application of the tame complex. For a FMT i _ +x , : D(Xl) -> D(X'), we set 
A := fj,(G x ')/ y/ri. If -^p/g < -A < -g/p, then _>x'(^o) is not a sneaf f° r an ^o- 
Definition 7.20. We set 



Io 

hk-l 
hk 



(0,^]U(^,oo], 



ai J \ bi 

/ fe 2fc-l la 2 fc 1 y / b 2 k l a 2fc-1 1 
'£a2fc b 2k +i i | | /fegfe+i b 2 fc " 



(-°°.-&U(-fc,0] 



b 2 fc l°2fc+l 
a 2k ' b 2fc + 1 
fa 2fc-l fe 2 fc 



U 



°2fc+l 



/-i := 

-f— 2fc— 1 : = (" 

/ '"_>; ^ Li i i : "'^ i 1 "2fc 1 r „, /■ 

U 2fe ' a 2fe+1 J U U 2fc+1 ' a 2 J> J -2fe •- . 

For I = U»( s i)*i]i we denote I* := JJJsj, ij). 

By KZ3I), we have decompositions F 1 (R) \ {±VI} = U me z J m = II 
Theorem 7.21. (1) If A € I m , then is a coherent sheaf. 

(2) If A e C then Px'^i-.X'^m) = ) is a coherent sheaf. 

Proof. We only prove (1). Assume that m = 2fc. Then — ^ < —A < — -5^77 ~ 



"2fc 1 y / l«2fc 



ImSZ I'm- 



a 2k + l ' 6 2fc - 
l« 2 fc fe 2fc-l - 



a 2fc-l - 



or 



a 2fc+l ~~ 



. By (#2fe) an d Lemma |4. 13|, we get our claim. li m = 2k — 1, then our claim also follows 
from (#2k-i) an d Lemma 14.131 □ 

Remark 7.22. We will explain the operation J 7 in Fact 12.171 For simplicity, we assume that 



A G 



' l°2fc + l fr 2 fc 



°2fc+l ' a 2fc 



rr*"] = ^2fc H (v 7 ^, 00). Then we have 



,E , 2 i+i[2] , R \ 



(7.12) 



^^^■"^(^[a]) ecoh(x') *<fc 
<&£ ,v-«i>v ,i -"' : l .(ri„ ! eCoh(x') 



^^'fe^PD GCoh(X') 0<i, 



Qx^x^xTJlW) GCoh(X') 0<i. 
By using (|7.12j) . we have the following description of F^, m = 2j, 2j + 1, j < k. 

• ^x^x'^JCi^xA^) an d *Xi-+X'^Xi-^xi(^i) are locally free sheaves, and 



^(d>^ x ,( F -.[l])) = 



,[2] 



X 1 ^X'^X Q ^X 1 

*x^x>*x^x? ] (B ) t = 0, 
0, i 7^ -1,0. 

$G ^ x ,$ x °^+ 1 (^vpj) an d $g ^ x/ $Eo,2,+d2]^y) are locally free sheaves, and 

^aW^+iW) = [*aW<^K[2]) - ^^^x^S^fkO], 

i^-1,0. 



In particular we have exact sequences 

(to) - - ^x'^xSBi) 



<t) G ff, E l>2j[2] (A \ 



0. 
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We note that xC-H^x ^X'( F m))( nH '))> n > 

are decreasing for < m < 2k — 1. Finally for 
m = 2k, H 1 (&x 1 ^,x'(Fm))(nH')) becomes zero. Thus ^x^X'i^'k) 1S a coherent sheaf and we 
have an exact sequence 



^0,2fc+l / 4 \ 



X ->Xi * 

- *x^x'*x^x\(Bi) - *^*^g(A0 - 0. 
Hence the complex -+X' G^m) eventually becomes a coherent sheaf as m increases. By (t] m ), 
(t]m+i) and (17.1ip . we see that the operation ^Xi-*X'i F m) l— * ^Xi->X'(-^m+l) * s nothing but the 
operation J 7 in Fact 12. 171 For example, if m = 2j, then by (^§ 1 _ > x'^x°'-*X ) Otej) transforms 
to (#). Then applying fc^x^?*!^, we get 

7.4. Construction and the application of the tame complex: case II. Recall the notation 
in §§ 17.11 Assume e = q 2 — £p 2 = —1. We will prove Proposition 17. 1 ll for this case. 
In the present case, the algebraic integers a m ,b m in Definition 17.91 satisfy 



< ^-v^< — 



VI 



for m G Z>o- We also have the following sequence of inequalities. 
bo 



— oo 



< _g = b =L< b =1< 

a p a_i a_2 



< 



< 



< ta zl< 



b-i 



<^ = 0<^ = ^<^<...<^<---<^< 
oi Oi <7 o 2 a 2 



ai p 



< 



oo. 



fl-o 



In this case we have a FMT 3>j|o— >Xi sucn that 



(7.13) 

Then Lemma 16.181 yields 

(7.i4) 0(d> Xi _ 



0(*I„-*i) 



. ^(Ox ) 



P 



Ip 



-p q 



Definition 7.23. We define Ej. m G DpQ x Xi +m ) (to > 0) inductively by 



E 



j,0 



Oa, <f 2] 



i ,m— 1 

Xi— >Xi+ m _i 



E v 

Xi— >X^ 



" Xi+ m _i— »Xj. 

Lemma 7.24. Ej >m is a locally free sheaf on Xj x Xj +m for m > 0. 
Proof. Assume that Ej OT _i is a locally free sheaf. We note that /x(E |V 



X x{o;i}> 



^(E'v 



-j^n. Since M^x^.^)) = -jj... 
a sheaf. Hence Ej iTn is also a locally free sheaf. 



n, we find that <IO m v ^y^y 

-Ai + m— 1 — >^i + m ^-i *^-i+ 



□ 



Lemma 7.25. (1) For m £ Z>o, we have the following. 



EV [21 

1,771 L J 

v Y" 


TTlV 

= *l 


[2] 

fra-1" 


^Xi_ 


<£> v 

-771 ^-i 


[2] 

-777 


V" XT 


= *£ 


fro-1" 


^Xi_ 


-771 ^1 


-777 


V V 

% * -A- i -f- m 


= $| 


fm-r 


->Xi_ 


- 771 1 


-771 



...cD EV [ 2 ] 

*Xi_|_ m _i Xi— >X;+i' 



*Xi_|_ m _i 
*Xj_|_ m _i 



X^X i+ i i 
Xi— >Xi+i • 
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Under the identification £: X{ x X, 



i+rri 



x„ 



i+m 



x Xi, we also have 



E 



i+m,m 



E 



(2) For m € Z>o, we have the following. 



-£a„ 
b m 



la. 



\ Ai->AiJ 



b m la m 
Q"m b m 



Proof. (1) The first claim is obvious from Definition 17.231 For the second and third one, the 
computation proceed as follows. 

[2] yl 



Xi— >Xi^ 



E 

• V" y 



E v 

V XiA 



E v [2] $ EV[2] ...$ EV [ 2 ] 



+ >A"iJ 



cj> E . . . (J> E 

Xi-|_ m _ 2— *^i+m— 1 Xj > Xj_|_l ' 



,E V [21 



. E V[2] 



2>x + $ v ^ v * v ^ v ■ ■ ■ *? V x 



... $ 



The last claim is a consequence of the rest ones. 
(2) This is a consequence of (1), (|7,13[) and (|7.14|) . 

In the present case e = q 2 — lp 2 = 1, F £ Mj^ (1, 0, — £) has the cokernel presentation 



-» $ 



X ^X 



X ^X 



0. 



Thus we have an exact sequence 



-» $ 



X ^X 



00 

Applying 3>Xi-»x to * ne ^ ua ^ °^ ©> we 



E 

X ^X 



0-<5x « 



Si 



0. 



An 



0. 



' Xi— >Xo 

Now we can define the tame complex for the case e = 1. 
Definition 7.26. For F := Ker(i?i — > A\), we set the tame complex F^ by 



F* := 



We can rewrite as follows. 
Lemma 7.27. 



l v Xi-*Xi, 


m /2 (F) 


= *xhx\(F) 


m = 


2k, 


k > 






=^x\(n 


m = 


2k - 1, 


k > l 


f$ EV 2[2 ] , 
l v Xi-*Xi, 


(m+l)/2^ v ^ 




m = 


-2k - 1, 


fc > 


/ $ E^ 2 [2] , 
V l^Xi-^Xj, 


m /2 {F) 




m = 


-2k, 


k > 1 



F* 



hi PI 



Xo^Xi Q^O 
Xq— >Xi 



*5°' a ?v u * J ([^ 



J3^]) m = 2Jfe, 
^] v ) m = 2Jfe-l, 
2& - 1, 



B T 



Xq— >Xi 



(K - ^o v ]) 



m 
m 



-2*;. 



Proof. This is the consequence of the definition and Lemma 17.281 below. 



□ 



□ 



SEMI-HOMOGENEOUS SHEAVES, FMT AND MODULI ON ABELIAN SURFACES 



41 



□ 



Lemma 7.28. 

^x;Z Xl+m ^ x ^ Xl = * x ° z Xm _p Xo , 

{^x^x x ){V Xl ^ Xi ) = ^ Xl+m 

Proof. The second and the last equality follows from the definitions of Ei^ m . For the remained 
equations, we have 

*%Zx 1+m V Xl * x ^ Xl = ^Zx^f^xVxo = *%Zx m -Vx . 

For the proof of Proposition 17.11] we prepare some calculations. 
Lemma 7.29. 

*mL(^ *m + J^ v ), ^:Z Xi+m m e CoHx l+m ). 

Proof. Since fi{E iim \ {Xi}xXi+m ) = n(E ijrn \ x . x{xi+m} ) = b m /a m > for m > 1 and deg( J B i ) = 0, 
we get our claim. □ 

Proof of Proposition 7.11\ By Lemma 17.291 we have the following exact sequences for k > 0. 
(W 2 ) - ^J^i) - $^«[2]) - W) - ^TxfW - o, 

(b-»- 2 ) o - *53J(2Jb v ) - - - ^£(^[2]) - o. 

These exact sequences and Lemma 17.271 give the following relations of FMTs. 



r 2k 


E v 

- <f> ' 2k 






~V 2 Vi)* 


jp» 

r 2k+l 


E v 

- ^X ^X 1 


Vx a 




_1 (^ 2fe -l) 


F '2k-1 


- * El - 2fc 

- q> x 1 ^x 1 






_1 (^ 2fc ), 


jp» 

r -2k-2 


- v X -*Xi 


Vx 




-1 tfv-l) 



From these relation, we can easily get the claim. □ 

Definition 7.30. We set 

*> := (0,^]U(^,oo], /_! := (-oo, U (-^, 0], 

i m ■= (^ ^iiiujki ki i x ■- u r-^2+i m >i. 

J v Ctm + l ' dm J v dm' «m+l J v »m + l ' O m J — 

Then we have P 1 ^) \ {±VI} = U m6Z I m = U meZ 

Theorem 7.31. For a FMT $^i^A" : D (^i) ~> D ( x ')> we set A : = m( g x')/v^- 

(1) If A G 7 m , then <I>^ ^x'(^m) ^ s a coherent sheaf. 

(2) If A e /„, then £> X / & Xl ^ x ,(F£ l ) = ^x^x' V x 1 { F m) is a coherent sheaf. 
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The proof is based on the calculation in this subsection and is similar to that of Theorem 
17311 We omit the detail. 

Remark 7.32. In [M2, Theorem 3] Mukai proved the case £ = 2, n = 1 of our Theorem 17. 21i He 
also claims that the operation T in Remark 17.221 gives an isomorphism between the moduli and 
the Hilbert scheme. We will return to this point in our future work. 



8. BlRATIONAL MORPHISM OF THE MODULI 



In this section we give an explicit description of the birational map between the moduli of 



stable sheaves and the Hilbert scheme of points: M§ ( 
surface X with NS(X) = ZH and set n := (H 2 )/2. 



XxHilb^ ^ 2 {X). Fixanabelian 



8.1. Quadratic forms and the description of the birational map. Recall the matrix 
description introduced in §§ 16.31 We begin with the next simple remark. 



Lemma 8.1. For an isotropic Mukai vector w = (p 2 , ^=H, q 2 ) and a Mukai vector v = (r, dH, a), 

(w,v) = Q v (q, -p). 
Here the symbol Q v is the quadratic form defined to be 



Q v (x,y) := -{rx 2 + 2dy/nxy + ay 2 ) = - [x y] 



r dy/n 




X 


d\fn a 




y 



Proof. 



(w,v) 



B 



tr 



p" pq 
pq q 2 



-P 



\q -p 



r d\pn 
d\fn a 

r dyjn 
dy/n a 



tr 



q 2 -pq 




r dy/n 


—pq p 2 




d\fn a 



tr ( [q 



-P\ 



r dyjn 
dyfn a 



-P 



Qv{q,-p)- 



□ 



Proposition 8.2. Fix a positive Mukai vector v = (r, dH, a) and assume £ := (v 2 ) /2 is positive. 
Assume further that there exists a solution (pi,qi) of the quadratic indefinite equation 

(8.1) Qv(qi,-Pi) = -apl + 2dy/np 1 q 1 - rqf = e, e = ±1, 
with the additional condition 

(8.2) p 2 , pigi/v^, q\ € Z. 
We also set 

p 2 := e(dy/np! - rq x ), q 2 := e{-dy/nq\ + apx). 

(1) Take {pi,q\) satisfying (|8.2p such that \p\\ is minimum among them. Then a general 
member of M^(v) has the next semi- homogeneous presentation. 



(a) Ker(E 1 ^E 2 ) 

(b) Kev(E 2 ^E 1 ) 

(c) Coker(£;i -» E 2 ) 

(d) Coker(E 2 -» Eh.) 



if —p 2 jp\ > and e = +1, 

if — p 2 jp\ < and e = — 1 , 

if — p 2 jp\ > and e = — 1, 

if — p 2 /pi < and e = +1. 



Here Ei are semi-homogeneous sheaves with v{E\] 
(pl P -^H,q 2 ). 



i,^H,qf) and v(E 2 ) 
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(2) The element 



9 



-Pi 



-Q2 

P2 



belongs to G, and we can take a universal family F on XxX' such that 0(*x_oc') = ±g G 
PSL(2, K). Then the following functor induces the birational map M x (r, dH, a) ■ ■ ■ — > 
M x '(l, 0, — £) for each case (a)-(d). 

(a)Px<™ (b)* 



F[-2] 
A^A' ' 



(c) D r $L x „ 



f X^X" \"J ^A^A" ^X'~*X->X'i ( d ) ^A^A'- 

By this functor, the semi-homogeneous sheaves E\, E 2 appearing in (1) are transformed 
in to L (g) Oz and L, where Z is a 0-dimensional subscheme of X with length I and L is 
a line bundle on X. 

Proof. The condition (|8.ip and (|8.2p immediately show g £ G, so that ^^-^^z does exist. Since 
the rest statements of (2) follow from those of (1), we give the proof of (1). 

Lemma 18.11 shows that the equation (|8.1|) is equivalent to the numerical equation for v. By 
Theorem 15.21 we know that a general member of M x (v) has a semi-homogeneous presentation 
which associates to the numerical solution of minimal rank. Then Proposition 13.21 means that 



the statements follows from the WIT with respect to & x ^ x , 
to the inverse transform & x ^^ x , since it is more convenient. 



We study the WIT with respect 



A simple calculation shows that 



V 1 



Pi 

P1Q1 



-1 



Pi <?i 

<£. 

r d^Jn 
d\fn a 



(J 



pi 

P2Q2 



P2Q2 

4 



Then Proposition 16.191 and the equality 9($ X '-*x) = ±g 1 



P2 <?2 

Pi Qi 



yield 



v($x V >^x(Iz ® L)) = v(E 2 ) - 

where we used symbols x' G X' and L G Pic°(A') and the symbol Z means a 0-dimensional 
subscheme of length £. We also find that WITo holds for Ox 1 with respect to &x'-*x ^ and 
only if -V2/P1 < 0, since v{F\ {x}xX >) = ~P2/pi- 

Hence if ^(F\{ x } x x>) < 0, then both ^x'^xi^x') and & X i_ tX (Ox') are semi-homogeneous 
sheaves. By the minimality of \pi\, F* := ^ x ^^ x (Iz ® L) is a coherent sheaf up to shift for a 
general Iz <8> L. The shift is determined by the sign of rk(i ? *) = ip\ — p^, which equals to er by 
the definition of p 2 and (|8.1|) . Thus we have the statements for the cases (b) and (d). 

F v [2l F v [2l 

If [J>(F\{ x y xX i) > 0, then both & X ,_J X Vx>(C x i) and & X ,_J X T>x>{Ox') are semi-homogeneous 
sheaves. Similar arguments yield the statements for (a) and (c). □ 

8.2. Structures of G. As the preliminary of the next subsection, we study the structure of the 
arithmetic group G introduced in Definition 16.91 



Definition 8.3. Let n = p^p^ 2 • ■ 'P e ^ be the prime decomposition of the integer n := (H )/2. 
We define a map fa: Z — > {0, 1} sending m to 

T / \ jl Pi\m, 
pi /m. 
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We identify {0, 1} with Z/2Z in a natural way, and regard it as a group. Then we also define a 
map: 

4>: Z -► j;z/2Z) ffiA ^ 

m i ^ (cpi(m),(j)2(rn),...,^ N (m)). 



Clearly this is a group homomorphism. Then for g 



6 G, we set 4>(g) :- 



By Lemma |6.8| r is uniquely determined by g. Thus (ft(g) is well-defined. 
Lemma 8.4. 4>{gg') = ^(g) + 4>(g')- Thus ^ : G — » (Z/2Z) eAr is a homomorphism. 
Proof. We use the notation in (|6.13p . We set r = pri, r' = pr^, gcd(ri,r^) = 1 and s = gsi, 



(aa'p + be' q)^/r\S\ {ab'r\ + bd' s\)y/pq 
(ca'si + dc'ri)y/pq (cb'q + dd'p)^r\Si 



s' = qs[, gc 


d(si, 


«i) = 


1. 


Then 


n = pqr\S\ 










a'v^ 7 










dy/r_ 




c'v^ 7 







By the uniqueness of the description (Lemma 

4>iwi) = <t>(g) + <£(</)■ 

(1) is surjective and ker (f> is isomorphic to the modular group To(n) 



4>(pn) + 
□ 



Proposition 8.5. 



(2) For g 



a^/r b^/s 
c^Js d^fr 



e G and Y" G FM(X), we set K-i := (c 2 s, cdff , d 2 r), where # 



is the ample generator of NS(Y). Then (Y g -i) ,-i = Y( g ' g )-^ and Y g -i is determined by 

Y if and only if g £ ker <j). In particular, 



(3) Assume that rkEnd(AT) 
ker^ = 0(Eqo(D(Y),D(Y))). 



1. Then Y g -i 



Proof. (1) The surjectivity is easy. We note that 



ker i 



a b^fn 
C\fn d 



a, b,c,d £ Z, ad — ben = 1 



It is a conjugate of To(n). Thus the second claim also holds. 

(2) We have a FMT $ 9 : D(Y ff -i) -» D(Y) such that 0($ s ) = 5. Since the composition <S> g <5> gl : 
D((^-0 9 -0 - D(Y ff -i) - D(Y) satisfies 0($ s $ ff O = g'g = 0($ g , g ), we have (Y g -i) g ,-! 
Yi g i g \-\. The second claim follows from the following Lemma 18.61 

(3) is due to Orlov [Urj Example 4.16]. See also the argument in the next Lemma 18.61 □ 



Lemma 8.6. Let p,q £ Z and r,s£ Z>o with rs = n := (H 2 ) /2. 

(1) If gcd(pr, gs) = 1, then we have (p 2 r,pqH, q 2 s) = (r, H, s). 

(2) Moreover if rkEnd(X) = 1, then Mf (r, H,s) = X if and only if s = 1. 

Proof. (1) First assume that pq ^ 0. Let £ be a semi-homogeneous vector bundle with v(E) 



(p 2 r,pqH, q 2 s). Then we have Af£ (p 2 r,pqH, q 2 s) X/K(E), where if (J5) :={i £ X 



£7}. By [Mil Cor. 7.8], if (£) = p 2 rK(pqH), where if (IT) :={i£l T*{O x {H)) 0x(#)}- 
We write X = C 2 /A, where A is a lattice of rank 4. Then there is a decomposition A = 
Lt L 2 such that U 9* Z® 2 (t = 1,2) and if (if) = ^UjU = ^L\/L\. Since K(pqH) = 
^Li/Li ±L 2 /L 2 , we have p 2 rK(pqH) = p(±- s L x j L x ) ® pr(\L 2 j L 2 ). Since gcd(p,qs) = 1 



and gcd(pr,g) = 1, we have p(±L x /Lx) ® pr(\L 2 /L 2 ) = ^In/Li \L 2 jL 2 . Thus p 2 rK(pqH) 



qs 



contains the subgroup X q of g-torsion points of X. Since the kernel of qlx '■ X — > X is 
Xq, qlx induces an isomorphism p 2 rK(pqH)/X q = rK(H). Hence we have isomorphisms 
Mg(p 2 r,pqH, q 2 s) S X/(p 2 rK(pqH)) ^ X/(rK(H)) S M%(r,H,s). 
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Next we suppose pq = 0. Then by the assumption we have (p, q, r, s) = (1, 0, 1, n) or (0, l,n, 1). 
For the first case, we have M% (1, 0, 0) = X = M% (1, H, n). For the second case, Mf (0, 0, 1) = 
X ^ X/(nK(H)) ^ Mf (re, H, 1). Thus the conclusion holds. 

(2) Assume that rkEnd(X) = 1. If X/(rK(H)) = X, then we have a homomorphism tp : 
X — > X/{rK(H)) — > X. By our assumption, ?rei?/> = re^lx for m-i E Z>o and rei2 E Z. Then 
rK(H) = ker(^) = miX m2 . If s ^ 1, this is impossible. Hence X/(rK(H)) £ X if s ^ 1. If 
s = 1, then clearly we have X/{rK(H)) = X. □ 

We conclude this subsection with the next lemma, although it will not be used afterwards. 

Lemma 8.7. Assume that r, a E Z>o satisfies ra = n := (H 2 )/2. Then the dual variety of 
(r, H, a) is isomorphic to (a, H, r). 

Proof. Set Y := (r, ff, a) and Z := Mj^ (o, H, r). We construct an isomorphism Z — > Y using 
FMT. Since gcd(r, a) = 1, there exists a pair (p,q) G Z 2 such that pr — qa = 1. Consider the 
moduli Y := (p 2 r,pqH, q 2 a). Since ((p 2 r,pqH, q 2 a), (a, H,r)) = —{pr — qa) 2 = — 1, there is a 
universal family E on Z x Y. We have Y = Y by (1). Thus there exits a universal family F on 
Z xY. Then choosing an appropriate integer k, we have a FMT which sends C z (z E Z) 

to a line bundle on Y. Retaking F as in Proposition EH (4), we have Z = My (1, 0, 0). □ 

8.3. Principally polarized case. In the case n = 1, namely when X is principally polarized, 
we have a simple description of the birational map. 
First we note the next proposition. 

Proposition 8.8. Assume that X is an abelian surface with NS(A) = "LH and (H 2 ) = 2. Then 
FM(X) = {X}. 

Proof. If NS(A) = ZH, then a two-dimensional fine moduli of the stable sheaves on X can be 
written as M^(p 2 r,pqH,q 2 a) with p,q E Z and r, a E Z>o satisfying gcd(pr, qa) = 1 and ra = 
(H 2 )/2. Then by LemmaESwe have FM(A) = {Mg(r,H,a) | gcd(r,a) = l,ra = (H 2 )/2}/ ~. 
If moreover (i/ 2 ) = 2, then FM(A) = {Aff (1, 1)}. Since Mg(l,H,l) = X = X, we have 
the consequence. □ 

Next we recall the G introduced in Definition ^. 91 In the case n = 1, G coincides with SL(2, Z). 
Then the study of numerical solutions reduces to the theory of integral quadratic forms. 

Definition 8.9. Two quadratic forms fi(x, y) = ax 2 +2bxy+cy 2 and f2(x, y) = a' x 2 +2b' xy+c'y 2 
defined over Z (that is, a,b,c,a',b',c' E Z) are called equivalent if there exists a matrix A E 



GL(2, Z) such that l A 



a b 
b c 



A 



a' b' 
b' d 



We denote it by fi(x,y) = f 2 (x,y). 



The discriminant of the quadratic form f(x,y) = ax 2 + 2bxy + cy 2 is defined as det f :=b 2 — ac. 
The class number of quadratic forms of discriminant D is the number of the equivalent classes 
of quadratic forms whose discriminant are D. 

Theorem 8.10. Let X be a principally polarized abelian surface with NS(A) = ZH. Let 
v = (r, dH, a) be a Mukai vector satisfying the following condition. 

i := (v 2 }/2 E Z >0 is not a square number, and 

the class number of quadratic forms with discriminant I is 1. 

Then the birational morphism M^(v) •■•-»!>< Hilb^A is given by the following description. 

(1) Take a Mukai vector v\ = {p\,Piq\H : q 2 ) which is of minimum rank among those satis- 
fying 2p\q\d — p\a — q\r = e, where e = 1 or —1. 
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(2) Then the matrix 



7 :=± 



-Pi 



diagonalizes the matrix Q t 

„2 „ TT „2\ 



e(dqi 
e(dpi 

d 



apt) 
rq x ) 



e PSL(2,Z 
that is, t ~fQ v j = 







-£ 



1 



(3) Set V2 := (p2,P2Q2H, q'2), where q2 = —e(dq\ — apt) and P2 = e{dp\ — rq%). Then a 
general member of MS (v) has a semi-homogeneous presentation with numerical solution 
v = ±(£v\ — V2). Moreover the FMT <J> := &x^x sucri that 9($>) = 7 or the composition 
T>x gives the birational correspondence (v) ■ ■ ■ — » X x Hilb (X) up to shift. 

Proof. The condition (|8.3j) implies that there exists at least one numerical solution for v. Then 
the conclusion follows from Proposition l8,21 □ 

Remark 8.11. It is conjectured that there are infinite number of real quadratic forms whose class 
number is one. 

We close this paper with the comment on the birational types of lower dimensional moduli. By 
the above theorem, one is lead to the classification of quadratic forms Q(x, y) = rx 2 + 2dxy + ay 2 
of small discriminant I = d 2 — ra. We search in the range < I < 11. 

If r = 0, then Q = 2dxy + ay 2 = 2d(x + \y)y + (a — 2dX)y 2 for any A G Z. Hence we assume 
\a\ < d. If a 7^ 0, then replacing x and y we reduce to the case r > 0. If r > 0, then we may 
assume that < d < r/2. If a > 0, then from < a = (d/r)d — l/r < d/2 < r/4 we have 



Q 



r x 



+ 2d'xy + a'y 2 with < r' < r. 



Thus by the action of GL(2,Z), we may assume 
(i) r = a = 0, or (ii) r / and < 2d < r < —a. 

In the first case r = a = 0, the quadratic form corresponding to a primitive Mukai vector is 
uniquely determined to be Q = 2xy. 

In the second case, a < yields d < VI. The above discussion allows us to assume d < 3. If 
r = 1, then (i = and we have (r,d,a) = (1,0, — £). If |a| > r > 1, then the possible values of 
(r, d, a) are 

(2,d,-2) d = 0,l,2; (2,d,-3) d = 0,1,2; (2,d,-4) d = 0, 1; 
(2,d,-5) d = 0; (3,d,-3) d = 0, 1. 

We can remove the cases (r, d, a) = (2, 0, —2), (2, 0, —4), (3, 0, —3) since these correspond to non- 
primitive Mukai vectors. Moreover we can find that 2x 2 — 3y 2 = 2x 2 — 4xy — y 2 = x 2 — Qy, 
2x 2 + 2xy - 3y 2 = 2x 2 + 6xy + y 2 = x 2 - 7y 2 and 2x 2 - 5y 2 = 3x 2 + 2xy - 3y 2 . 
We summarize the result in the table below. 



1 


Qv 


I 


Qv 


1 


2xy, x 2 — y 2 


6 


x 2 - 6y 2 






2 


x 2 - 2y 2 


7 


x 2 - 7y 2 






3 


x 2 - 3y 2 


8 


x 2 - 8y 2 






4 


x 2 - Ay 2 


9 


2x 2 + 2xy - 


V, 


x 2 - 9y 2 


5 


2x 2 + 2xy - 2y 2 , x 2 - 5y 2 


10 


3x 2 + 2xy — 


3y 2 , 


x 2 - Wy 2 



Note that if Q v is not primitive and I > 1, then M&(v) is not birationally equivalent to 
X x Hilt/ (X). For example, if r, a e 2Z, then Q v x 2 - iy 2 . 

The following proposition describes the birational classes of the moduli of dimension < 20. 

Proposition 8.12. (1) If I = 1, 2, 3, 4, 6, 7, 8, then (v) is birationally equivalent to X x 
HhV(X). 

(2) If £ = 5, then the birational type of Mf (u) is either Mf (2, if, -2) or X x Hilb^(X). 
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(3) If I = 9, then the birational type of Mf (u) is either Mf (2, H, -4) or X x HnV(X). 

Proof. We only need to show that Mg(2,H,-2), Mg(2,H,-4) and X x HnV(Jf) are bira- 
tionahy different. The case M%(2, H, -2) is shown in |TH Example 4.1]. The case M%(2, H, -4) 
can be shown similarly. □ 

Remark 8.13. In the case £ = 10, we cannot distinguish M%(3,H, -3) and X x Hilb 10 (X) by 
the method of |Yll Example 4.1]. 
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